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Abstract 

It is shown how the QED concept of a gauge-, scale- and scheme- independent one- loop 
effective charge can be extended directly at the diagrammatic level to QCD, thus justifying 
explicitly the "naive non-abelianization" prescription used in renormalon calculus. It is 
first argued that, for on-shell external fields and at the strictly one-loop level, the required 
gluon self-energy-like function is precisely that obtained from S-matrix elements via the 
pinch technique. The generalization of the pinch technique to explicitly off-shell processes 
is then introduced. It is shown how, as a result of a fundamental cancellation among 
conventional perturbation theory diagrams, encoded in the QCD Ward identities, the pinch 
technique one- loop gluon self-energy iW^ v {q) remains gauge- independent and universal 
regardless of the fact that the "external" fields in the given process are off-shell. This 
demonstration involves a simple technique enabling the isolation, in an arbitrary gauge, 
of ill^(g) from subclasses of up to several hundred diagrams at once. Furthermore, it 
is shown how this one-loop cancellation mechanism iterates for the subclasses of n-loop 
diagrams containing implicitly the Dyson chains of n one-loop self-energies iW^ v {q). The 
gauge cancellation required for the Dyson summation of iti a ^ v {q) is thus demonstrated 
explicitly in a general class of ghost-free gauges for all orders n. 
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1. Introduction 

In quantum electrodynamics (QED), the renormalized photon propagator iA R ^ u (q) de- 
pends on a function d R (q 2 ) which is gauge-independent at all q 2 : 

iA^fe) = ^-{(-^ + Q -f)dn( q 2 ) - e-f] (1.1) 

where £ is the gauge parameter in the class of covariant gauges (£ = is the Landau 
gauge) and R denotes renormalized quantities. The function d R is given by the infinite 
Dyson series in the one-particle-irreducible photon self-energy IIr, illustrated in Fig. 1. 



Fig. 1. The Dyson series in the 1PI photon self-energy Yln(q 2 ). 



+ . . . 



Summing this series, the propagator Eq. (1.1) then naturally defines an effective charge 
for the theory 

e 2 R d R (q 2 ) = 1 _ = e 2 cS (q 2 ) = Ana eS (q 2 ). (1.2) 

This effective charge has the following properties: 

• It is gauge-independent, since the photon self-energy is gauge-independent to all 
orders. 

• It is both renormalization scale- (/>) and scheme-independent. This is a direct result 
of the QED Ward identity giving the relation Z\ = Z<i'- 

e e W) = e 2 R d R {q 2 ) = (MfV) (^% 2 )) = <W) (1.3) 

so that e 2 s (q 2 ) can be expressed entirely in terms of bare quantities. 

• At —q 2 Ira 2 — > oo, where m is the fermion mass, it matches on to the running 
coupling e(q 2 ) defined^ from the renormalization group: at the one-loop level, 

e 2 

lim e 2 eS (q 2 ) = e 2 (q 2 ) = - „ — * (1.4) 

- q y m ^oo cttW 1 - (e|/16vr 2 )/3ilog(-g 2 /^ 2 ) 



2 It is important to distinguish between the effective charge, defined from the radiative corrections to 



the propagator iAu fJ , l/ (q) by Eq. (1.2), and the running coupling, defined from the renormalization group 
/3-function by de(t, en)/dt = /3(e), with t = | log(— q 2 /[i 2 ) and boundary condition e(t = 0, en) — en: only 
for asymptotic q 2 do they coincide. 
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where f3\ = +4/3 is the coefficient of the first term e 3 /167r 2 in the perturbative 
expansion of the QED /3-function. 



• At q 2 = (the Thomson limit), it matches on to the fine structure constant: a e ff(0) = 
a = 1/137.036.... 

• For —q 2 /m 2 <C 1, it gives the correction to the Coulomb Law interaction between 
two static heavy charges. 

(For an account of renormalization schemes in QED, see [§].) Using this effective charge, 
it is then possible to account for a well-defined, infinite, gauge-independent subset of 
radiative corrections to a photon mediating the tree level interaction between two fermion 
currents essentially just by making the replacement e — ► e e s(q 2 ) in the tree level photon- 
fermion-fermion vertices. 

In quantum chromodynmanics (QCD), in addition to couplings to fermions similar to 
that in QED, the gauge bosons also couple directly to one another in triple and quadruple 
gauge vertices. As a result of these self-couplings, the gauge boson self-energy, while it 
remains transverse as required by a Slavnov- Taylor identity, becomes gauge-dependent: 
for SU(A r ) QCD with ru flavours of massless fermion, at the one-loop level, 



16vr 2 \ 



13 £\ 2 



h - \ N + -nt 

6 2/ 3 ; 



-Cuv + hi 



M 2 



97 i ^\ 10 



+ (36 + 2 + 4 J""-** 



(1.5) 

where Cuv = 1/e + ln(47r) — je with je Euler's constant (we work always in d = 4 — 2e 
dimensions and with 't Hooft mass scale /i). Furthermore, in QCD the Slavnov- Taylor 
identities do not require the relation Z\ = Zi. As a result of these differences, although it 
is possible to sum the renormalized gluon self-energy in a Dyson series to give a radiatively- 
corrected gluon propagator, the quantity defined by analogy with the QED effective charge 
Eq. ( |1.2| ) is in general gauge-, scale- and scheme-dependent, and at asymptotic q 2 does not^ 
match on to the QCD running coupling g(q 2 ) defined from the renormalization group. The 
simple QED correspondence between the gauge boson self-energy and an effective charge 
for the theory is therefore lost. 

The existence of an effective charge for QCD analogous to that of QED is neverthe- 
less explicitly assumed in renormalon calculus [^j. The usual framework for renormalon 
analyses is the 1/nt expansion. In this framework, the leading order corrections to the 
tree level gluon propagator are given by chains of single fermion loops, i.e. precisely the 
Dyson series illustrated in Fig. 1 with the blobs here each representing a single fermion 

3 An exception M is for £ = —3. 
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loop. The unrenormalized gluon self-energy due to such a loop is given by 
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(1.6) 



where 61 = +2/3. After renormalization, this self-energy may be summed, exactly as in 

QED, to give a renormalized gluon propagator, the effects of which may be accounted for 

by an effective charge at the vertices at each end of the gluon line. However, at this order 

in the 1/w/ expansion, gluons do not contribute to the (3- function for the rescaled coupling 
1/2 

grij , so that b\ is positive and the fundamental QCD property of asymptotic freedom 
is absent. In order to introduce this property, the usual procedure is simply to replace 
61 = 2/3 with the full one-loop value b\ = 2/3 — HN/(3nf). Although asymptotic freedom 
is thereby recovered in the 1/rif framework, this "naive non-abelianization" prescription 
for the QCD effective charge leaves unanswered the following two basic questions: 

1 . What gauge- independent combination of gluon and ghost loop corrections to the tree 
level gluon propagator is one summing, together with the fermion loop corrections, to 
obtain this effective charge with the full non-abelian one-loop /3-function coefficient 
for the logarithmic term? Although it follows from operator product expansion 
arguments that, at least at asymptotic q 2 , such a gauge- independent combination 
must exist, a direct diagrammatic interpretation is lacking. The absence of such a 
direct interpretation obstructs a proper understanding of the approximations made 
in renormalon calculus. 

2. What is the contribution of this gauge-independent combination of gluon and ghost 
fields to the constant term (in a given renormalization scheme) in the corresponding 
one- loop self-energy- like function? The MS fermion loop contribution —10/9 is well- 
defined, but in the absence of an unambiguous extension of the QED concept of an 
effective charge to QCD, the contribution from gluon and ghost loops remains unde- 
fined. This ambiguity in the value of the constant term leads to different estimates 
of renormalon contributions to physical observables (see e.g. [||]). 

One possible approach to these questions is provided by the background field method 

(BFM) ||. In this approach, the gauge fields are split into background and quantum 

components, and the gauge-fixing for the quantum fields then chosen such that the effective 

action remains explicitly invariant under gauge transformations of the background fields.^ 

4 It is important to distinguish between background gauge invariance, i.e. invariance with respect to 
gauge transformations of the background fields, and quantum gauge independence, i.e. independence with 
respect to changes in the value of the quantum field gauge fixing parameter £q : the former does not imply 
the latter. 
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As a result of this exact background gauge invariance, the 1PI background field n-point 
functions obey to all orders in perturbation theory the same set of Ward identities as 
the corresponding tree level functions. In particular, this results in the QED-like identity 
Z\ = Z2. Thus, the effective charge constructed in the BFM via the Dyson summation of 
the background gluon self-energy is renormalization scale- and scheme-independent, just 
as in QED, and at asymptotic q 2 matches on to the QCD running coupling g(q 2 ) i.e. the 
coefficient of the logarithm is given by the full one- loop coefficient (5\ = —^-N + ^nf of the 
SU(iV) QCD ^-function. However, while the ultra-violet divergent parts of the background 
field n-point functions, and hence the renormalization counterterms, are independent of the 
quantum gauge fixing parameter £q (Kallosh's theorem 0), the finite parts are quantum 
gauge-dependent: for the background gluon self-energy at the one-loop level, 



-C UV + In 



M 2 



(g_ (l- fa )(7 + fa) v _K1 (L?) 



The BFM effective charge, though renormalization scale- and scheme-independent, there- 
fore remains gauge-dependent. Thus, while the BFM specifies the one-loop corrections to 
the background gluon propagator which result, independent of £q, in the coefficient /3\ for 



the logarthmic term in the self-energy Eq. (1.7), it does not specify a unique gluon and 



ghost contribution to the constant term. Furthermore, and more fundamentally still, in 
the BFM formalism the background fields by construction do not propagate inside loops. 
The BFM effective charge therefore cannot be used to account for the radiative corrections 
to a quantum gluon propagating across, for example, a fermion loop.[] 

The most promising approach to the above questions is provided by the pinch tech- 
nique (PT). Originally introduced by Cornwall Isj-fPUl, and since much developed by Pa- 
pavassiliou and collaborators [|I^]-|l8|], the PT is based on the observation that one-loop 
diagrams which appear to give only vertex or box corrections to tree level processes in fact 
implicitly contain self-energy-like components. Exploiting this observation, the PT pro- 
vides a well-defined algorithm for the rearrangement of the conventional gauge-dependent 
one-loop contributions to S-matrix elements into individually gauge-independent one-loop 
self-energy-like, vertex-like and box-like contributions. 

In order to illustrate this, consider the S-matrix element for the four- fermion scattering 
process V^fclW'Vi) ~+ V^'fe)^' V2) in SU(iV) QCD. With flavours / + /', the 
one- loop diagrams for this process are as shown in Fig. 2. The contribution of the diagram 

5 Recall that in the BFM, the Feynman rules for the interactions purely among quantum fields are 
identical to those in a conventional covariant gauge. 
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in Fig. 2(a) involving the conventional gauge boson self-energy Eq. flL5D is given by 



Fig. 2(a) = (ujdg^Tfi.Ui) q 2 ) (ujigj^m) (1.8) 

where q = P2—P1 = p[ —p'2 (the colour indices i, i! are not summed). The effect of the 
PT algorithm is to isolate the self-energy-like components of the remaining diagrams in 
Fig. 2, defined as those parts of the Feynman integrands for the diagrams which have the 
form of a (gauge- dependent) function of q and the loop integration variable only, between 
two tree level gluon-fermion-fermion vertices. These are the pinch parts of the diagrams, 
shown in Figs. 2(g)-(i). These pinch parts arise f|]-[|l8j when, in the Feynman integrands, 
factors of longitudinal gluon four-momentum occur contracted into the Dirac matrices 
7^ associated with the gluon-fermion-fermion vertices, triggering the elementary Ward 
identity 

J£ = S~ x {p + k,m)- S _1 (p,m) (1.9) 

where S~ 1 (p,m) = $ — m is the inverse fermion propagator. The effect of these inverse 
propagators is to cancel the fermion propagators in the integrand. Adding these pinch 
parts of the vertex and box diagrams to the diagram Fig. 2(a) involving the conventional 
gauge boson two-point function and carrying out the loop integrations gives the full one- 
loop self-energy-like contribution to the four fermion process, illustrated in Fig. 2(j), and 
defines the PT gauge boson self-energy n(g' 2 ): 

Fig. 2(j) = (u^g^T^m) ^% 2 ) (ujig^T^m) . (1.10) 



Up to a trivial dependence on the external spinors, the component Eq. ( [L.10 ) of the 



S-matrix element for the four-fermion process depends only on the f-channel momen- 
tum transfer q 2 , and not on the s-channel momentum transfer [p\ + p'1) 2 or the external 
fermions' masses. It must therefore be individually gauge-independent, as can be verified 
by explicit calculation. One obtains M M 



-C UV + In 



Thus the PT definition Eq. ( |iTTo| ) of the QCD0 gauge boson self-energy results in the full 

one-loop /3-function coefficient (5\ as the coefficient of the logarithmic term, together with 

an unambiguous value for the constant term. It is emphasized that all terms in Eq. ( |1.11| ) 

are fully gauge- independent. 

6 In QED, the pinch parts of the corresponding vertex and box diagrams vanish identically as a result 
of the abelian structure of the theory and the PT self-energy reduces precisely to the conventional photon 
self-energy. 
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The PT gauge-independent one-loop improper three- and four-point functions (Tl 
are defined in a similar way to the two-point function Eq. ( 1.10D . The resulting functions, 
in addition to being gauge- independent, display many theoretically desirable properties. In 
particular, they satisfy the same Ward identities as the corresponding tree level quantities. 
Thus, Z\ = Z2 in the PT framework. Furthermore, it has been shown by Degrassi and 
Sirlin [|1| that the PT algorithm in fact corresponds to a systematic use of current algebra, 
thus demonstrating explicitly the PT's basis in the underlying gauge symmetry of the 
theory. Also, the PT gluon self-energy has been shown to be universal, i.e. independent of 
the species of external field in the S-matrix |2(J. Lastly, it has been observed that the PT 
gauge-independent one-loop n-point functions coincide with the background field n-point 
functions computed in the Feynman quantum gauge £q = 1, both in QCD |2l]] and the 



standard electroweak model [22|[23|. 

In general, the PT avoids the gauge-dependence of conventional n-point functions by 
working directly with S-matrix elements for the interaction of on-shell fields. Using the fact 
that S-matrix elements are known from general proofs to be gauge- independent, it then 
follows from simple kinematic arguments that the various one-loop functions obtained in 
the PT must themselves be individually gauge-independent. However, in QED the photon 
self-energy is gauge-independent to all orders in perturbation theory regardless of whether 
or not it occurs as a component of an S-matrix element. Thus, the renormalized QED 
propagator Eq. (|P|), and hence the QED effective charge, may be used in processes in 
which the photon couples to fermions which are explicitly off-shell. 

Furthermore, the construction of the effective charge in QED involves, through the 
Dyson summation, diagrams occurring at all orders in perturbation theory. This summa- 
tion is essential if the effective charge is to satisfy the known constraints from the renor- 
malization group. An heuristic outline of the Dyson summation of the PT self-energy has 



been given by Papavassiliou and Pilaftsis [28] involving the re-allocation "by hand" of the 
pinch contributions required from multi-loop diagrams in the Feynman gauge to form the 
Dyson chains. However, a direct demonstration of the required generalization of the PT 
gauge cancellation mechanism from one loop to all orders is lacking. 

Lastly, the fundamental criticism [22] of the PT is that it is merely a prescription for 
the division of S-matrix elements into individually gauge-independent components: be- 
cause the PT n-point functions are extracted from S-matrix elements, rather than directly 
from the path integral according to some basic field-theoretic principle, they apparently 
represent only a particular choice for this decomposition. In the particular case of the 
gluon two-point function, this issue of uniqueness leads to the question of whether, away 
from the asymptotic region governed by the renormalization group, the QED concept of 
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an effective charge can be extended unambiguously to QCD at all. 

In this paper, it is shown how the QED concept of a gauge-, scale- and scheme- 
independent effective charge may be extended directly and unambiguously at the diagram- 
matic level to QCD. The starting point (Sec. 2) is a simple re-analysis of the basic idea 
of an effective charge. It is argued that for on-shell external fields and at the strictly one- 
loop level, the required self-energy-like function is precisely that given by the S-matrix PT. 
After listing the tree level SU(iV) re-point functions and their Ward identities needed subse- 
quently (Sec. 3), the generalization of the PT to arbitrary off-shell processes is introduced]] 
(Sec. 4). The PT one- loop gauge boson self-energy, or "effective" two-point function, is de- 
fined (Sec. 4.1) for the general case of explicitly off-shell processes, entirely independent of 
any embedding in S-matrix elements (or any other a priori gauge- independent quantity) . It 
is then shown explicitly how the PT one-loop gluon "effective" two-point function remains 
gauge-independent (Sec. 4.2) and universal (Sec. 4.3), despite the gauge-dependence of the 
various off-shell processes of which it is a component. This involves the consideration in 
both the class of linear covariant gauges and the class of non-covariant gauges n ■ A a = 
of subclasses of up to several hundred one- loop diagrams. By writing these diagrams as 
"products" of tree level four- and five-point functions and exploiting the Ward identities 
satisfied by these n-point functions, the demonstration of the off-shell gauge independence 
and universality is made simple and the underlying cancellation mechanism responsible is 
directly identified. Lastly, it is shown (Sec. 4.4) how this one-loop cancellation mechanism 
extends to the re-loop diagrams involved in the Dyson summation of the PT self-energy. 
This involves the consideration in the class of non-covariant gauges n-A a = (to avoid 
ghosts) of subclasses of diagrams occurring at all orders in perturbation theory. It is shown 
explicitly how, using an iterative procedure, the chains of re PT gauge-independent one- 
loop self-energies can be isolated in the Feynman integrands for the relevant subclasses of 
diagrams for all n. The paper finishes with a summary and conclusions (Sec. 5). Technical 
details, together with a discussion of the relation between the effective charge defined here 
and that obtained from the static heavy quark potential, are given in three appendices. 

2. Effective Charges 

In QED, the interaction part of the classical lagrangian is given by 

4f = eJ^ (2.1) 

where is the electromagnetic current. 

7 The original construction by Cornwall of the PT gluon self-energy in fact involved the couplings of 
gluons to off-shell scalar fields & a contributing to the manifestly gauge-invariant Green's function G(x, y) = 
{0|T[Tr ^ (x)$(:r)Tr $^ (y)<E>(y)] |0). However, this particular approach was not pursued. 
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At tree level, the interaction between electromagnetic currents at points x% and x 2 is 
mediated by a single photon and has x-space amplitude given by 



ieJ l _ l (x 1 )iD ll „(xi - x 2 )ieJ u (x 2 ) (2.2) 
where iD llu {x\ — x 2 ) is the Fourier transform of the tree level photon propagator iD flu (q): 



iD ^l) = ( -9r» + (1 - 0^ ) ■ (2-3) 



Beyond tree level, the renormalized interaction between the two currents at x\ and x 2 
is given by 

ie R J^{xi)i^Bp,u{x\ - x 2 )ie R J u (x 2 ) (2.4) 

where iA Rflu (x\ — x 2 ) is the Fourier transform of the renormalized photon propagator Eq. 
Jl.lj) , involving the Dyson summation of the 1PI photon self-energy Uji(q 2 ). There are 
also of course vertex and box corrections to the tree level four-fermion process Eq. (|2.2|) , 
but in QED these make no contribution to the two-point current-current component of 
the interaction in fl2.4| ). Precisely because in ( [2.4| ) the interaction vertices of the photon 
with the currents Ja(xx), J u {x 2 ) remain as specified by the interaction part Eq. (|2.1| ) of 
the QED classical lagrangian, the radiative corrections to the tree level propagator iD^ u 
included in the renormalized propagator iA Rfll ^ can be fully accounted for just by making 
for the transverse part of the interaction the replacement e — ► e e s(q 2 ) in the tree level 
photon-fermion-fermion vertices. 

In QCD, the interaction part of the classical lagrangian can be written 



CT = 9[J? + T? + gQZ)A2 (2.5) 

where J™ is the chromoelectric current, denotes the pair of gauge bosons coming 
from the triple gauge vertex, and Q™ denotes the triplet of gauge bosons coming from the 
quadruple gauge vertex: 

T rn = _l r -^n ( ^ ) + ( ^n K _^ (A n^ (2J) 
Q™ = -\f mnr f st A n v A S A (2.8) 



(the derivative has been symmetrized in T™A 



At tree level, the interaction between any pair of terms in the interaction part Eq. (2.5) 



of the classical lagrangian at points x\ and x 2 mediated by a single gluon has amplitude 
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jiven by the appropriate term from 
igJ™( Xl ) 1 



igT™( Xl ) ) xiD™( Xl -x 2 ) x 



ig 2 Q™( Xl ) 



igT:{x 2 ) 



(2.9) 



where iD^J l (xi—x 2 ) is the Fourier transform of the tree level gluon propagator i5 mn D^ u (q). 
If the concept of an effective charge is to be extended directly at the diagrammatic level 



from QED to QCD, then it must be shown [24] that, beyond tree level, the renormalized 



interaction between any pair of terms from at x±, x 2 can be written 



ig R T™{ Xl ) x iA^ 



igRJv{x 2 ) 



(xi - x 2 ) x < 



igRTv{x 2 ) 



(2.10) 



By definition, iA'^ u (xi — x 2 ) is the gauge boson propagator-like function the effects of 
which can be fully accounted for just by appropriately changing the coupling appearing 
in the tree level vertices specified by the interaction part Eq. ( |2.5D of the QCD classical 
lagrangian. It is important to note that iA^ l/ (xi — x 2 ) in fl2.10| ) is defined in terms of the 
two-point interaction between vertices only from the classical lagrangian — combinations of 
"external" fields, e.g. ghost-ghost, from tree level vertices which originate from the gauge 
fixing procedure are not included. 

What then is this function iAJf^^xi — x 2 )l At the strictly one-loop level (i.e. without 
any Dyson summation) and for on-shell external fields, it is precisely the Fourier transform 
of the gauge boson self-energy-like function obtained in the PT: by construction, the PT 
gauge boson self-energy captures from the integrands for all of the relevant Feynman 
diagrams the full one-loop interaction between any pair of combinations of on-shell fields 
from the interaction part C 1 ^ of the classical lagrangian at two points x\, x 2 . It is this 
feature which distinguishes the PT from all other prescriptions for the rearrangement of S- 
matrix elements into contributions from individually gauge-independent components. For 
the case of the interaction between fermion fields, this is made particularly transparent in 
the Degrassi-Sirlin current algebra formulation of the PT p9|| . The fact that for on-shell 
external fields the PT self-energy is indeed universal in this way was shown explicitly in 
12C 
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However, if the effective charge is to coincide at high energies with the running coupling 
g(q 2 ) defined from the renormalization group, then the function ihJ^ v in ( 2,10 ) must 



involve not just one PT self-energy correction to the tree level gluon propagator, but 
rather the infinite Dyson series in II/j. Thus, in q-space, 

where 

Mi 2 ) = E(n^ 2 )) n = - > , - ■ (2.12) 

Furthermore, for the corresponding effective charge to be generally applicable as in QED, 
the interaction ( |2.10| ) between any of the pairs of terms from C 1 ^ 1 must remain uniquely 
described at all (perturbative) q 2 by the gauge- independent function dn(q 2 ) when the 
external fields in (|2.10|) are off-shell. This infinite gauge-independent subset of QCD 
radiative corrections may then be fully accounted for by the gauge-, scale- and scheme- 
independent QCD effective charge 

SeW) = 9rMq 2 ) = - ?*, 2 , = 47ra seff (< ? 2 ). (2.13) 
1 - U R (q 2 ) 

Thus, we see that the QED concept of an effective charge has nothing to do with 
the conventionally-defined gauge boson propagator per se. Rather, we argue that it de- 
pends on the existence of a unique, gauge-independent subset of radiative corrections to 
the tree level interaction between sets of fields from C 1 ^ at two points. The correspond- 
ing propagator iA^™ may be referred to as the Dyson-summed "effective" gauge boson 
two-point function. In the case of QED, this in fact corresponds to the conventional renor- 



malized gauge boson propagator Eq. (1.1) only because the theory is abelian. But in a 
non-abelian theory such as QCD, this function also receives contributions (pinch parts) 
from the conventionally-defined vertex and box diagrams. 

The remainder of this paper is devoted to showing explicitly how the function d R {q 2 ) 
occurs in QCD. 

3. QCD Tree Level Ward Identities 

The PT rearrangement of perturbation theory diagrams is based on the systematic use 



of the tree level Ward identites [25] of the theory. Before introducing the off-shell PT, it 
is convenient to collect together the SU(iV) QCD tree level n-point functions and their 
associated Ward identities ||26|| . We consider rif flavours of fermion with mass mf in the 



fundamantal representation of SU(iV), with hermitian generator matrices T a satisfying 
h 



TrT a T b = \8 ah and [T a ,T b ] = if abc T c . 
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The tree level gluon propagator may be written in the general form 

iD^(q) = q2 % +ie + a M) ( ly + % a M) + ( 3 - 1 ) 

(trivial colour indices are omitted). We shall consider the following two classes of gauge: 

a) Linear covariant gauges. The class of linear covariant gauges is obtained from the 
path integral by adding the gauge-fixing term £ g f = — (d ■ A a ) 2 /2£ to C c \. The gluon 
propagator is thus specified by Eq. (3.1) with 

a„(g)=0, 6(g) = 1^1. (3.2) 

Then £ = 1 is the Feynman gauge and the limit £ — > is the Landau gauge. 

The associated Fadeev-Popov ghost term is £ g h = —fj a d-D ab r] b where is the covari- 
ant derivative. The ghost propagator is thus given by 

«?(,) - ^L- (3.3) 
(trivial colour indices are again omitted). The gluon-ghost-ghost vertex is 

gK bc (qi,q2,q 3 ) = -gf abc q3 a (3.4) 
with qi + q2 = q^i where the four-momentum q\ of the gluon A*(qi) is incoming. 

b) Non-covariant gauges n-A a = 0. The class of non-covariant gauges n-A a = 0, where 
is an arbitrary constant four-vector, is obtained from the path integral by adding the 

gauge-fixing term £ g f = — (n-A a ) 2 /2X to C c \ and then taking the limit A — > 0. The gluon 
propagator is thus specified by Eq. ( |3.1| ) with 

,2 



*M = —> Kl) = — ( S2- (3-5) 



n 

n-q ' " (n-q)' 

Then n 2 < is the class of pure axial gauges, n 2 = is the light-cone gauge and n 2 > 
= (1j 0>0>0)] is the temporal gauge. (For a review of non-covariant gauges, see [p?t|.) 
The associated Fadeev-Popov ghost term is £ g h = —fj a n-D ab r] b . The ghost propagator 

is thus given by 

iG(q) = — . (3.6) 
n-q 

The gluon-ghost-ghost vertex is 

gr a a bc (qi,q 2 ,q3)=-gf abc n a . (3.7) 

A fundamental property of non-covariant gauges is that the ghost fields decouple from 
S-matrix elements. Ghosts are however required in the discussion of the Ward identities. 
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In these two classes of linear gauge, the remaining tree level vertices originate only from 
C"^ and are as follows (all gluon four-momenta qi are incoming; for the purely gluonic 
n-point functions, J2i=i Qi = 0) : 

i) The gluon-fermion-fermion vertex: 

ig ltx T%. (3.8) 

ii) The triple gluon vertex: 

f r a^y(9l, <?2, qz) = 9f abC ((q2 ~ <&)a9p*i + (<?3 ~ qi)/39ja + (<7l ~ ^^a/?) • (3-9) 

hi) The quadruple gluon vertex: 

-ig 2 K b ^ s ( qu q 2 ,q 3 ,q 4 ) = -ig 2 (f ab f rcd (g a7 gp S - g aS9fh ) 

+f rac f rdb (g a sg~,f3 - gapg-ys) 
+f rad f rbc (g^g Sl - g ai gspj) • (3.10) 

In addition to the vertices originating directly from C^+C^, it will be very convenient 
to define three further n-point functions, constructed from the vertices in £™* together 
with the gluon propagator iD^ u (q) and the fermion propagator iS(q, m) = ify — m + ie) -1 : 




Fig. 3. The three diagrams contributing to the four-point function G™^ : (<7i, <72, <?3, 94). 

iv) The connected four-point function G ab ^{q\, q 2 ,q 3 , q 4 ) specifying the tree level cou- 
pling of a pair of gluons A%(qi), A h p(q 2 ) to a pair of fermions ^ f \q 3 ), ^^(Qa) shown in 
Fig. 3: 

Fig. 3 = ig 2 G ab g ) (q 1 ,q 2 ,q 3 ,q 4 ) = 

+g r f(3 P >(qi,q2, -91-^2) iD p > p (q 1 + q 2 ) igjpT'ji 
+igipT b k iS {qi +q 3 ,m f ) igj a Tki 

+igi a Tf k iS(q 4 -qi, m f ) ig^T^ (3.11) 

with J2i=i qi = qA- 
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Fig. 4. The four diagrams contributing to the four-point function G^py S (qi, q2, <73, 94). 

T a/3-yS \ 



v) The connected four-point function G^S^{qi, q 2 , 93, 94) specifying the tree level cou- 



pling of four gluons A a a (qi), A b p(q 2 ), A°(q 3 ), A d & (q 4 ) shown in Fig. 4: 

i/3 7 <5 1 ~ 



Y\gA = ig 2 G a X & (q u q 2l q^q A ) = 



+9 T tp P '(qi, 92, ~qi-q2) iD f/p {q 1 + q 2 ) gT r ^f s (q 1 +q 2 , 93, 94) 

+9^ P '(qi,q3, -91-93) ^V P (9i+93) g^ r p tp{qi+qz, 94, 92) 

+9 r ^(9i) 94, -91-94) «£>p'p(<?i + 94) 5 r p^ C 7 (9i+94, 92, 93) 
-^1^(91,42,93,94)- (3.12) 





Aj(qs) 1Q perms Aj(q4,) 15 perms 



Fig. 5. The twenty-five diagrams contributing to the five-point function G^g^g e (qi, q2, qz, q±, qs). 

vi) Lastly, the connected five-point function G^^ € (qi, 92, 93, 94, 9s) specifying the tree 
level coupling of five gluons A^(qi), A b Jq 2 ), A^(qs), Agfa), ^(95) shown in Fig. 5: 

Fig. 5 = -g 3 G£$U qi ,q 2 , q 3 , q 4 , q 5 ) (3.13) 

where the explicit form of G ab ^l^ involving twenty-five terms, is not recorded here. 

In order to express the Ward identities obeyed by these n-point functions, we first 
define the transverse projection operator 

V(9)=^"^- (3.14) 

Also, it is convenient to define a quantity G^(q) from the product of the gluon-ghost-ghost 
vertex and the propagator for the outgoing ghost via f abc G a (q 3 ) = T^ c (qi, q 2 , q 3 ) G(q 3 ). 
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Thus, 

^ (q\ - f ~1^/l 2 linear covariant gauges ^ 

M [ —n^/n-q n-A a = gauges. 

Note that q 2 t pp (q) D py (q) = —3^ — G p (q) q v - The Ward identities are then as follows pq| : 

i) For the gluon- fermion-fermion vertex (with gi + (72 = 53): 

9i^7^ = -^(s-^m) - S^faa,™)). (3.16) 

ii) For the triple gluon vertex: 

qiaK%(qi, q 2 , q 3 ) = ~ f aU Pl {q 2 ) ~ q¥M) ■ (3-17) 

iii) For the quadruple gluon vertex: 

qi a K%(q u q 2 ,q 3 ,q 4 ) = -f ab T r ^ s ( qi + q 2 , q 3 , q A ) 

-f rac r r 1 %(q 1 + q 3 ,q 4 ,q 2 ) 
-r d r r 5 %(q 1+ q 4 ,q 2 ,q 3 ). (3.18) 

iv) For the gluon pair-fermion pair four-point function: 

HaG^(q 1 ,q 2 ,q 3 ,q 4: ) = 

-f rab (q 2 2 t^(q 2 )D p/p (q 1+ q 2 ) + Gp{ qi + q 2 ) {q x +q 2 ) p ) i lp T^ 
-ijfiTj k S(q 1 +q 3 , m f ) S -1 ^, m/) iTfa 

+iTjk S^{q4, m f ) S{q 4 -qi,m f ) ijpT^. (3.19) 

v) For the gluon four-point function: 

1iaG%p^s(qi,q 2 ,q 3 ,q 4 ) = 

-f ab {q 2 2 tp P '{q2)D plp {q l + q 2 ) + Gp^ + q^^+q^p) T r f ^ s (q 1 +q 2 ,q 3 ,q 4 ) 

-f raC (q 2 3 t yp/ (q 3 )D plp ( qi + q 3 ) + G 7 ( gi +q 3 ) (qi+q 3 ) P ) T r p fp(qi + q 3 , q 4 ,q 2 ) 

-r ad (qlt8Aqi)D plp ( qi +q A ) + G 6 ( qi + q 4 ) ( qi +q A ) p ) r%( qi + q 4 ,q 2 ,q 3 ).(3.20) 

vi) For the gluon five-point function: 

QiaG%prys e (<7i 1 q 2 1 q 3 , q±, <fe) = 

-f rab (q 2 2 t/3 p/ (q 2 )D p/p ( qi + q 2 ) + Gf3( qi + q 2 ) (qi + q 2 ) P ) G r ^ e ( qi + q 2 , q 3 , g 4 , ffi) 

-f raC (qlt lp iq 3 )D p , p ( qi +q 3 ) + G 7 (gi + g 3 )(gi+g3) P ) G r p d 5 %{ qi +q 3 ,q A ,q b ,q 2 ) 

-f ad (qlt 5pl {q i )D plp {q 1 +q i ) + G s { qi +q A ) (qi+q^p) G r p f^{ qi +q 4 , q 5 , q 2 , q 3 ) 

-/ rfle (?IV(«ft)%(9l+96) + G € ( qi +q 5 )( qi + q 5 ) p ) G r X s (qi + q 5 ,q 2 ,q 3 ,q 4 ). (3.21) 

It is important to note the similarities among these identities. 
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4. The Off- Shell Pinch Technique 

In this section, the generalization of the PT to explicitly off-shell processes is introduced. 
The one-loop gluon "effective" two-point function is first defined. It is then shown that 
this function is gauge- independent, universal and that it may be summed in a Dyson series. 

4.1. Definition of TI™ n (<?) 
We consider the complete set of one-loop corrections to the tree level gluonic interaction 
Q2.9| ) between any pair of the combinations of fields in C 1 ^. All fields are taken to be 
off-shell. Then, for example, in the particular case of a pair of fermion currents, the set of 
diagrams are again those shown in Fig. 2, but now with the external fermions all off-shell. 

In the off-shell PT, the PT one- loop gauge boson "effective" two-point function ill™™(q) 
is defined from the coefficient IT \k, q) of the component of the Feynman integrands for the 
one-loop interaction which has the Lorentz and colour structure of the transverse projection 
operator contracted with two tree level gluon propagators between the appropriate pair of 
tree level vertices: 



2c 



d d k 
(2vr) d 



n T^ma'b' 
(J 1 fia'P' 

„■ „2pmn' b' c' 
~ l 9 1 fia'P'Y 



> iD^ l '{q)^iq 2 t fl/l/l (q)f['(k,q)^iD u/l/ (q) 



v 



va(3 



.•„2rraafc 



(4.1) 



where the tree level gluon propagator iD flv {q) is given in Eq. fl3,l|). Thus 

%9v 



-9fiu + 



covariant gauges 



iDnn'(q)iq 2 tu'u'(q)iD u > u (q) 



2 +ie ] n^q v + q^n v n^q^q v 
1 1 —Qixv H — j — n-A a = V gauges. 



n-q 



Then 



= i5 mn q\ v {dW) = i5 mn q% u (q)v 



ran 2 4 



.2c 



(n-qY 



d d k 



(2ir) 1 



U'(k,q) 



(4.2) 
(4.3) 



i.e. ifi™™(q) is transverse by definition. 

For QED and for fermion (and scalar) loop contributions in QCD, this definition repro- 
duces the conventional gauge boson self-energy defined from the Fourier transform of the 
conventional two-point Green's function (fd\T{A™(x{)A™(x2))\Q) ■ For gauge boson loop 
contributions however, this definition includes not only the contributions to the conven- 
tional self-energy but also pinch contributions. It is emphasized that the definition of the 
PT "effective" two-point function is in terms of the Feynman integrands corresponding to 
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the diagrams for the interactions: all rearrangements in the PT are carried out under the 
loop momentum integral sign(s). 

The definition Q4.1|)-( |4~3| ) of itl™™(q) is as in the S-matrix PT, except that i) the 
"external" fields in ( f4.ip are explicitly off-shell and not contracted into the corresponding 
spinors and polarization vectors, and ii) the tensor structures in ( |4.2[ ) are non-trivial 
and not just proportional to g pv . In each case, with the external fields all off-shell, the 
corresponding set of one-loop diagrams no longer represents the one- loop contribution to an 
S-matrix element as in the S-matrix PT, and the overall one-loop amplitude for the given 
(sub)process is gauge-dependent. However, we will show that, using the definition (fP|)- 
( |4.3| ) , it remains possible to identify unambiguously at the level of the Feynman integrals a 
gauge-independent and universal one-loop gluon "effective" two-point component iti™™{q) 
of these (sub)processes, exactly analogous to that in QED, and that this self-energy is 
identical to that obtained in the S-matrix PT. 

4.2. Gauge-Independence of iW p ™(q) 
In order to prove the gauge- independence of the "effective" two-point function iti™™(q) 
defined in the off-shell PT, we consider the interaction '(Pi)^/ \p'i) ~~ * ^j /) (P2)Vj'f \p*2) 
between two off-shell fermion pairs with flavours / 7^ /'• Of the possible combinations of 
fields in (|4.l| ), this is the simplest case. The complete set of one-loop radiative corrections 
to this tree level process is then as shown in Fig. 2, where now the fermions are all off-shell. 

We consider first the diagrams shown in Figs. 6(a), (b) and (c) (symmetry factors have 
been included explicitly). In order to exploit the Ward identites of the previous section, 
it is very convenient to express the sum of these five diagrams as the sum of all possible 
"products" of diagrams on the r.h.s. of Fig. 6, where the wavy lines represent the two 
gauge field propagators iD p i p (ki) and iD a i a (k,2) associated with the gluons propagating in 
the loops. The sums of diagrams Figs. 6(d)+(e)+(f) and (g)+(h)+(i) are each precisely 
the connected four-point function defined in Eq. ( |3.11| ), consisting of all possible ways of 
coupling a pair of gluons to a pair of fermions at tree level. Thus, in any gauge, the sum 
of the five diagrams on the l.h.s. of Fig. 6 can be written in the compact form 

Figs. 6(a)+(b)+(c) = \^ J -0^ ig^Jb iD^ikx) iB a , a {k 2 ) ig 2 G r p s $ (4.4) 

1 rs( f f ) rs( f) 

where the overall factor ^ accounts for the symmetry of G and G p ^ under inter- 

change of the gluons propagating in the loops (arguments for the four-point functions are 
omitted for brevity; k<i — k\ = q with, e.g., k\ = k). In order to identify the PT "ef- 
fective" two-point component of these diagrams, it is then necessary to isolate all of the 
factors of longitudinal four-momentum ki p , ki a associated with the gluons A r p (ki), A s a (k2) 
propagating in the loops. 
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(a) 



+ reversed 
(b) 



+ crossed 
(c) 



(d) 



(g) 



(e) 



1, 



1 



T, 



1 



(f) (i) 
Fig. 6. The five one-loop diagrams formed from the "product" of four-point functions G^J/J , G' ptT1J . 
i) Feynman gauge 

To begin with, we consider the Feynman gauge. The propagators iD p i p (ki), iD a t a (k 2 ) are 
then proportional to g p < p , g a i a respectively. Thus, in the Feynman gauge, the only sources 
of longitudinal factors ki p , ki a are the triple gluon vertices in Figs. 6(d) and (g). 
The triple gluon vertex in Fig. 6(g) may be decomposed as 



-pnrs 
vpa 



mrs ( y 
1 \ 



F T P 

vpa 1 vpa 



(4.5) 



where 



vpa \ 



vpa \ 



-h,k 2 ) = -(h + k 2 ) v gpa + ^q P g 

-ki,k 2 ) = h p g au + k 2(T g P v 



2qag P v 



(4.6) 
(4.7) 



The part r^ p(T contributes no factors of longitudinal loop four-momentum and obeys a 
simple Ward identity q v T^ pa {—q; —k\,k 2 ) = [k\ — k^gpa involving the difference of two 
inverse gauge field propagators in the Feynman gauge. The part T„ pa by contrast depends 
only on the longitudinal loop four-momenta. 

In order to disentangle the effects of the two triple gluon vertices, it is then convenient 
to make a similar decomposition for the two four-point functions in Eq. (fO|). Thus, the 
four-point function G r p ^ represented by the sum of diagrams Figs. 6(g)-r-(h)+(i) may be 



decomposed as 



G 



rs{f) _ r Frs{f) r Prs{f) 
paij paij ' paij 



(4.8) 
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where is the part of Fig. 6(g) proportional to T p , 

^ W (-fci,^;Pi,P2) = / n "I^ p(T (-?;-fci,*2)^(?)i7^ (4.9) 

and Gp™j is all of the remainder of G r j£u , i.e. the part of Fig. 6(g) proportional to T F 
plus Figs. 6(h)+(i). The part G^j then satisfies the identity 

k ip G paij f) (-ki,k 2 ]Pi,P2) = 

f nrs ([{kl - k\)g av , - k 2a (h + hMDMQ) + ?„) 
+ij„T? k S (pi -ki,m f ) S^ 1 (pi , mf) iT r ki 

-iTj k S~ 1 (p2,m f ) S(p2+k 1 ,mf)i-y CT Tki, (4.10) 

easily obtained by writing = G — G p and using the Ward identity Eq. ($1% for G 
together with the above definition of G p . An exactly similar decomposition can be made 

for G/o'i'f 



Thus, in the Feynman gauge, we can write 



Figs. 6 ( a) +( b) +( c)| Feyn = I,V- / ^^y^P + G%<P) (G 

(4.11) 

The isolation of the PT "effective" two-point component of the diagrams Figs. 6(a), (b) 
and (c) then involves contracting together the terms in the above equation and identifying 
the resulting two-point components according to the definition (4.1)-(4.3) of ifl^(q). 
The term G P G P is obtained immediately from the definitions Eqs. ( |4.7| ) and Q4.9| ): 

G^JP G P p r jP = N{i lti Tfl) ^ (-{kl + k 2 2 )g, v - k lfl k 2u - k 2 ,k lu ) ^ (i^jfj . (4.12) 



^Frs(f) r Prs(f) 
T paij pcrij 



pui'j' pcrij 



From the definition (4.1), the transverse projection of all of these terms contributes to the 
PT self-energy. 

The term G P G F is obtained using the identity Eq. flOCl) : 

Prs(f) n p rs(f) = ^T^^r-T^q^ (4.13) 

= (i^T^^-^N^h + k 2 )^h + k 2 ) u ^- - 2G^q) q u ) (ilvT%) 
-iNi-Y^^Sipi-kumf) + S( Pl +k 2 ,m f ))s- 1 {p 1 ) 
-^NS- 1 (p 2 ,m f )[s( Pl -k 1 ,m f ) + S( Pl +k 2 , m / ))z 7M 3^}(4.14) 



From the definitions ( |4.lD , ( [4 . 2[) , only the term above proportional to (k\ + k 2 )p(ki +k 2 ) u 
contributes to the PT self-energy: the term in Eq. ( [4.14 ) proportional to Gu(q)q u is 
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orthogonal to the transverse tensor in (fj.2j), while the terms proportional to S~ 1 {pi,mf) 
and S~ 1 (p2, nif) involve the fermion propagators appearing in Figs. 6(h) and (i). It should 
be noted that when the fermions are on-shell as in the S-matrix PT, these last three terms 
each vanish identically as a result of the Ward identity Eq. ( p. 16 ) and the equations of 
motion u(p2,mf)S~ 1 (p2,rrif) = S (pi,mf)u{px,mf) = for the spinors Ti(p2,mf) and 
u(pi,rrif). When the fermions are off-shell, these terms do not vanish, but they make no 
contribution to the "effective" two-point function defined in ( |4.1| )-( |4~3| ) in the off-shell PT. 

An exactly similar expression to Eq. (4.14) is obtained from the contraction G F G P , 
resulting in an identical contribution to the PT self-energy. 

Lastly, there is the term G F G F . By definition, the two G F, s do not involve any 
factors of longitudinal loop four-momentum. When contracted together, they therefore do 
not trigger any Ward identities, and so do not lead to the cancellation (pinching) of any 
propagators. This term can therefore be written 

= ^(n^ + ••• 

(4.15) 

where the ellipsis represents the terms involving the fermion propagators appearing in Figs. 
6(e), (f), (h) and (i), and which constitute vertex and box corrections to the four- fermion 
processs. 

Adding up the above expressions, we obtain 

Figs. 6(a)+(b)+(c)| Fey n = 

f d d k 1/ \ — If 

\Ng 2 n 2 ' J (27r) d fc 2 fc 2 {nTfi, j — |r^(g; h, -k 2 )T F pt7 (-q; -k u fc 2 ) 

+ 2(fc 1 +A: 2 ) Ai (fc 1 +A; 2 ) ;y - (fcf + fcl)^ - A;^^ - Ar 2M fc lzy | ^ (z^^T^) + ... (4.16) 

where the ellipsis represents terms which do not contribute to the PT self-energy. 

In the Feynman gauge, the diagrams Figs. 2(c), (d) and (e) make no contribution to 
the PT self-energy. This is because there are no factors of longitudinal four-momentum 
associated with the gluon propagating in the loop to trigger the Ward identity Eq. ( |3.16 ) 
required to pinch the two fermion propagators. Thus, in this gauge, the entire gluonic 
contribution to ilLV^^q) comes from the diagrams Figs. 6(a), (b) and (c). It therefore just 
remains to include the standard linear covariant gauge ghost loop contribution 

if](&) mn (a) = -N5 mn a 2 u 2e I ^ kl ^ 2v (4 17) 

w lin cov a r J (2vr) rf k\k 2 ' v ' 

together with the fermion contribution %u!f l l mn {q). Using the dimensional regularization 
rule / d d k k~ 2 = 0, we finally obtain for the off-shell PT one-loop gluon "effective" two- 
point function 
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ha 



hp — - 'x/x/v/v 
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hp — ■ 




pinch 



+ 



Fig. 7. The fundamental PT cancellation, expressed in the Ward identity Eq. ( 3. IS ) 



ifl™(q) = iU$ mn (q) - N5 mn g 2 ^ J 



d d k 1 
(2vr) d k\k\ 



{ir F p(7 (q;k 1 ,-k 2 )r F pa (-q--k 1 ,k 2 ) + (h + k 2 )p(h+k 2 )u} (4.18) 



(4.19) 



where the function fl(q 2 ) is identical to that obtained in the S-matrix PT, given in the 
introduction in Eq. ( [L.11| ).P| 
We make several remarks: 



In obtaining the PT self-energy Eq. ( [4.18 ), an exact cancellation has occurred in the 
contributions from G P G F and G F G P Eq. ( 4,13| ) between i) components of the con- 
ventional self-energy diagram Fig. 6(a), generated by factors of longitudinal gluon 
loop four-momentum k\ p , k 2a from the part T p of the triple gluon vertices, in which 
the gluon propagators q~ 2 have been pinched, and ii) the components of the conven- 
tional vertex diagrams, Fig. 6(b) generated by the same factors h p , k 2a , in which 
the fermion propagtors have been pinched. This cancellation, illustrated schemati- 
cally in Fig. 7, is expressed succinctly in the Ward identity Eq. ( [3.19| ) for the gluon 
pair-fermion pair four-point function (more precisely, in the above Feynman gauge 
calculation, the cancellation was expressed in the identity Eq. ( [4.10 ) for the part G F 



The function Eq. ( 1.11 ) is actually for massless fermions for the sake of simplicity. 
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of the four-point function). By dealing with the set of diagrams Figs. 6(a)+(b)+(c), 
as opposed to individual diagrams, we have been able to make this cancellation 
simply and immediately. We thus see that the PT algorithm amounts to the iden- 
tification of a fundamental cancellation among contributions to one-loop processes 
generated by factors of longitudinal four-momentum associated with the gauge fields 
propagating in loops. This cancellation, expressed in the Ward identities of the the- 
ory, is independent of whether the "external" fields are on-shell, as in an S-matrix 
element, or off-shell, as here. 

An exact cancellation has also occurred between the contribution to itl™™{q) of i) 
the ghost component iTx0 n (9)|iincov of the conventional linear covariant gauge 
self-energy, and ii) the component G P G P of Fig. 6(a), involving the contraction of 
the longitudinal parts T p of the triple gluon vertices (cf. Eqs. ( f4.12| ) and ( 4.17| )). 



Furthermore, the components G P G F + G F G P of Figs. 6(a)+(b)+(c) contribute a 
term to itl™™{q) identical to that of a set of scalar fields in the adjoint representation, 
but with an overall minus sign. 



The expression Eq. ( 4.18| ) exactly coincides with the background gluon self-energy 



computed in the Feynman quantum gauge. This is a particular example of the gen- 
eral correspondence [21]-[23] between the PT gauge-independent one-loop n-point 



functions and the background field Feynman gauge one-loop n-point functions men- 
tioned in the introduction. Thus, there exists a set of Feynman rules which reproduce 
the PT one-loop re-point functions. 

As a result of the cancellation described in the first remark, the PT self-energy 



Eq. ( 4.1 8| ) couples to the external fermion lines via two single gluon propagators 



in exactly the same way as any scalar or fermion contributions to the self-energy. 
Thus, despite initial appearances to the contrary in Figs. 2(g), (h) and (i), the 
diagrammatic concept of one-particle irreducibility for the self-energy in the PT is 
in fact retained. 

ii) Arbitrary gauge 

The next step is to show how the fundamental PT cancellation described above operates 
in an arbitrary gauge, i.e. when the terms a and b in the expression Eq. ( |3.1| ) for the 
tree level gluon propagator are non-zero. The task is to show that, regardless of the fact 
that the external fermions are off-shell, the additional contributions to iH™™(q) due to 
the longitudinal a and b terms in the gluon propagators exactly cancel among themselves, 
leaving always the result Eq. fl4.18|) . This task is greatly facilitated by the decomposition 
of diagrams shown in Fig. 6. We consider both the class of linear covariant gauges and 



22 



the class of non-covariant gauges n-A a = 0, as described in Sec. 3. For the sake of overall 
continuity, the detailed account of the cancellation mechanism is relegated to App. A. 
The analysis in App. A can be summarized in two remarks: 

• The contribution if^ mn (q)\ n -A^=o to the PT self-energy due to the a terms in the 



propagators iD p i p (k\), iD a i G (k^) in the amplitude (^4) for the diagrams Figs. 6(a 



(b) and (c) in the class of non-covariant gauges n-A a = is identical to the ghost con- 
tribution mffi )mn (q)\ Hncov to the self-energy in the class of linear covariant gauges 



(cf. Eqs. flATTlD and fljT?D). Given that ifl ( ^ )mn (q)\ n . A=0 = Hl^ mn (q)\ lincov = 0, 



this equality can be expressed as the gauge-independent statement 

<nW"»(g) + = -N5™g 2 ^ J (4-20) 



In both classes of gauge, this contribution (4.2C) then cancels against the component 



qPqP Q f pjg 6( a ) 5 involving the contraction of the longitudinal parts T p of the 
triple gluon vertices via the terms g p ' p , g a i a in the propagators iD p / p (ki), iD a i a (k2) 
(cf. the second remark above). 

• An exact cancellation occurs between the contributions to the PT self-energy due 
to i) the b terms in the propagators iD p > p (ki), iD ff ' ff (^) in the amplitude ( |4.4| ) for 
the diagrams Figs. 6(a), (b) and (c), and ii) the b terms in the gluon propagators 
in the amplitudes for the diagrams Figs. 2(c), (d) and (e). This cancellation can be 
expressed as the gauge-independent statement 

tn£>™(g) = 0. (4.21) 

In both classes of gauge, the b terms in the tree level gluon propagators thus make 
no net contribution to itl™™{q). 

It is emphasized that these results are due purely to the Ward identities Eqs. ( |3.16| ) 



and (3.19), and are entirely independent of whether the external fields are on- or off-shell. 



In this way, all dependence of the PT "effective" two-point component (4.1) of the off-shell 
four-fermion scattering processs ip\ f \p\)^J \p'i) — ► ipj^(p2)ipf 011 the longitudinal 
a and b terms in the tree level gluon propagators in the diagrams of Fig. 2 cancels. The 
gauge-independence of the one-loop gluon self-energy ill™™{q) obtained in the off-shell PT 
is thus proved. 
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4.3. Universality of itl™™(q) 
In this section, it is shown how the gluon self-energy defined in the off-shell PT is universal, 



i.e. independent of the the particular choice of off-shell external fields in the definition (4.1). 

For any pair of the sets of external fields appearing in the definition (4.1), we consider 
first the set of one-loop diagrams formed from the "product" of the corresponding pair 
of tree level connected n-point functions defined in Eqs. ( |3.11 )-( |3.13| ). The amplitude, in 
any gauge, for the given set of diagrams can be written as the appropriate term from 
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(4.22) 



(arguments for the various n-point functions are again omitted for brevity). For example, 
for the interaction A^A^, — > A^A^, between two pairs of off-shell gluons, the diagrams 
corresponding to the "product" of n-point functions G r p ^ b a , ^, and G r p s ^ b ^ in ( 4.22| ) are 
shown in Fig. 8. In all cases, the factor \ in ( 4.22 ) results in the correct symmetry factors 
for the corresponding diagrams, since each of the tree level n-point functions in ( f4.22| ) 
is symmetric under interchange of the pair of gluons propagating in the loops. In the 
most complicated case, i.e. that of the interaction A a a A a ^, 

625 



A b p A°A%,A^ between six 
external gluons, the corresponding amplitude from (4.22) is represented by 25x25 
individual one- loop diagrams (although many of these are in fact identical by symmetry). 
It is important to be clear that, in each case, the diagrams representing the amplitudes in 



( 4.22 ) still only represent a subset of the complete set of one- loop corrections to the given 
tree level interaction, 
i) Feynman gauge 

To begin with, we again consider the Feynman gauge. Exactly as in the case of the four- 
fermion process in the Feynman gauge, we first decompose each of the four- and five-point 
functions in Q4.22j ) as G = G F + G p , where for the functions on the r.h.s. (cf. Eq. fl4.9| )) 
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(4.23) 



It should be noted that G^^^ involves the full four-point function G™^ c 7 , and not just 
the quadruple gluon vertex T"^ c 7 (cf. the definition Eq. ( p,12[ )). This is in order to keep 
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Fig. 8. The ten one-loop diagrams formed from the "product" of four-point functions G r J 
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simple the Ward identity for G p ^^. An exactly similar decomposition can be made for 



the four- and five-point functions on the l.h.s. of (4.22). Then, in the Feynman gauge, just 
as in Eq. ( 4.11 ), we can write the various terms in ( 4.22 ) as products (G -\-G p )(G F + G P ). 



The isolation of the PT self-energy component of the various diagrams in ( [4.22[) then 
again involves contracting together these terms and identifying the resulting "effective" 
two-point components according to the definition (4.1)-(4.3) of iTL™™(q). 

For the terms G P G P , clearly in all cases we obtain an expression identical to Eq. ( [4.12| ) 
except for the appropriate substitution of the corresponding tree-level n-point function 
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I™§ or %gG"£fc for ^Tjf on the r.h.s, and or igG™^, for i 7/J 2™ on the l.h.s. 

For the cases involving the four-point functions, we then simply retain the quadruple gluon 
vertex parts —igF%£p~i ~^9^u^'p'j' respectively. Thus, the contribution of the G P G P term 
to the PT self-energy is in all cases identical to that in the four-fermion case. 

For the terms G P G F , we need to contract F P pa with G F p l^ and G F ^^. Writing in 
each case G F = G — G p and using the Ward identities Eqs. ( |3,20 ) and ( 3.21 ) respectively, 
we easily obtain 



(q;k u -k 2 )G F ™f(-k 1 ,k 2 ;p u p 2 ) = 
N((k 1 +k 2 ) t ,(k 1 + k 2 )u'D ull/ (q) - 2Gp(q)q v )T%$(q,pi,p2) 
+ ±N [ (p? t av > (pi )D V , V (pi - h ) + G a (pi - h ) (pi - k x )u) rft (pi - h , p 2 , k 2 ) 
+ (v\ta.u'{pi)D v 'u{px+k 2 ) + G a ( Pl + k 2 ) {pi+k 2 ) v )T^{px+k2 i P2, ~h 
+ (p 2 2 tf3u>(P2)D u , u ( P2 -kx) + G p (p 2 -kx)(p2-kx)v)T^*(p 2 -kxM,Pi) 



+ 



(p 2 2 tp v/ {p 2 )D u , u {p 2 + k 2 ) + Gp(p 2 +k 2 )(p2+k 2 )u)T^(p 2 +k 2 ,-kx,px)] (4.24) 
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(in Eq. (|4.24|) , we have used f alm f bmn f cnl = lNf abc ). Comparing each of these expressions 
with that Eq. (4.14) for the four-fermion case, and using the definition (|4.1|)-( |4~3| ), we see 
that in all cases only the term proportional to (kx + k 2 )u(kx + k 2 ) v i contributes to the PT 
self-energy. Thus, the contribution of the G P G F terms is also in all cases identical to that 
in the four-fermion case. Clearly, the same holds for the G F G P terms. 

Lastly, there are the G F G F terms. In the Feynman gauge, it is not difficult to see 
that, despite the presence of various longitudinal factors from the triple gluon vertices 
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involved, in all cases the only contribution to the PT self-energy is from the part r^r^ of 
the conventional gluon loop (shown in Fig. 8(a) for the case of external gluon pairs). Thus, 
in all cases the contribution of the G F G F terms is as in Eq. ( 4.15) ) in the four-fermion 
case. 

Thus, in the Feynman gauge, the PT one-loop "effective" two-point component of the 
diagrams corresponding to any of the combinations of external fields in the definition ([4.1])- 
( |4.3j ) is identical. This is a direct result of the same fundamental cancellation mechanism 
in each case, expressed in the Ward identities Eqs. ( 3.1S| )-( |372T ). 

ii) Arbitrary gauge 

In order to complete the demonstration of the universality of itl™™(q), it remains to 
be shown that, for any of the pairs of sets of external fields in the definition (4.1), the 



additional contributions to ill^f (q) which occur when one moves away from the Feynman 
gauge exactly cancel among themselves. The analysis proceeds in exactly the same as for 
the four-fermion case, and is given in App. A. It is shown there that, despite the apparent 
dissimilarity among the various sets of diagrams, exactly the same gauge-independent 
statements Eqs. ( pT20| ) and ([4721] ) hold in all cases. Again, this is a direct result of the 



tree level Ward identities given in Sec. 3. In this way, the universality of the one-loop 
gauge-independent gluon self-energy itl™™{q) obtained in the off-shell PT is proved. 

4.4. Dyson Summation of itl^{q) 
The final task is to show how the PT one-loop gluon self-energy may be summed in a Dyson 
series. This task involves i) identifying the subclasses of n-loop diagrams, n = 1, 2 . . . oo, 
which contain the chains of n PT one-loop self-energies implicitly, and ii) showing how, in 
an arbitrary gauge, the fundamental cancellation mechanism which operates at one loop 
generalizes to n loops, so that the chains of n PT one-loop gauge-independent self-energies 
can be isolated explicitly and unambiguously in the corresponding Feynman integrands. 



The first step has been made by Papavassiliou and Pilaftsis [28], who gave an heuristic 
outline of the Dyson summation. This outline involved enumerating the pinch contribu- 
tions needed in the Feynman gauge to convert chains of conventional one-loop self-energies 
into chains of PT self-energies, and then re-allocating "by hand" the required contribu- 
tions from conventional multi-loop self-energy, vertex and box diagrams. Extending this 
approach to the standard electroweak model, these authors were able to show that the 
Dyson summation of the PT W and Z boson self-energies does not shift the pole of the 
corresponding propagators. However, no attempt was made to rearrange directly the 
multi-loop diagrams at the Feynman integrand level, as at one loop, nor to demonstrate 
the required gauge cancellation mechanism. This second step initially appears formidably 
difficult, since it involves the consideration in an arbitrary gauge of diagrams occurring 
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at all orders in perturbation theory. However, it will be shown here how, for the Dyson 
summation, the one-loop gauge cancellation mechanism iterates, enabling the contribu- 
tions to the Dyson chain of n PT gauge-independent one-loop self-energies to be isolated 
explicitly from the relevant subclass of diagrams for all n. 

We shall restrict the analysis to the class of non-covariant gauges n-A a = 0. In this 
way, we avoid all diagrams involving ghosts. (] To begin with, we assume the absence of 
fermions {nt = 0), and consider the set of purely gluonic n-loop diagrams formed from 
chains of n + 1 tree level gluon four-point functions G^S^ & , each joined to the next by a 
pair of tree level gluon propagators: schematically, suppressing all indices and arguments 
and all factors except that due to symmetry, this amplitude has the form 

(hY J ddk i ■■■ j ddk n G DDGDDG... DP G (4.26) 

n loops 

where D is the gluon propagator and G is the gluon four-point function. For n = 1, the 
corresponding diagrams are just those shown in Fig. 8. For n = 2, the corresponding 
diagrams are shown in Fig. 9. For any n, the factor (|) n results in all cases in the correct 
symmetry factors for the n-loop diagrams. 

We start at n = 1 by considering again the one-loop diagrams shown in Figs. 8(a)-(f). 
Having isolated the PT self-energy component of the diagrams in Fig. 8, we can go on 
to isolate the one-loop vertex-like component on the r.h.s., defined from the remaining 
part of the corresponding Feynman integrands proportional to the product of tree level 
functions r™^, (— g,^,^) il^/^g) on the l.h.s. Thus, we can write 

/d d h 
j^- d Gffi a >0i D p/p (h) ZV CT (fc 2 ) G£fc (4-27) 

= gr^iD^(q){tTL^(q)iD^(q)gr^% + gt%$ - gAT^} + ... 

(4.28) 

In Eq. ( gjp , the one-loop vertex-like component has been written as the difference be- 



tween the full PT gauge-independent one-loop triple gluon vertex T"^g(q,p\,p2) [11] and 



a remaining (gauge-dependent) contribution Af 7 p n ^(q;pi,P2)- This decomposition is illus- 
trated in Fig. 10, where the blob marked "R" represents —AT™£p(q;pi,p2). Just as in the 
case of iiJTf™(q), the isolation of this "vertex- like" component involves using the Ward 

9 In the absence of the explicit formulation of the PT beyond the one-loop level, the general procedure 
for dealing with multi-loop diagrams in the PT has yet to be elucidated. For the special case of the one- 
loop Dyson summation, however, it is possible to circumvent this difficulty for the multi-loop diagrams 
involving gluons and/or fermions (and/or scalars), as will be shown, but not for those involving ghosts. For 
this (and only this) reason, we make the above restriction for the proof of the one-loop Dyson summation. 
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Fig. 10. The PT rearrangement Eq. ( 4.28 ) of the conventional perturbation theory diagrams in Fig. 8. 
identity Eq. ( |3.20| ) for all of the longitudinal factors which occur in order to identify 



the terms in the integrand of Eq. ( 4.27 ) proportional to T^J'p^—q^pi^p'^iD^^q). The 
calculation is significantly more involved than that for ill™™(q). 

For the moment, we consider just the PT gauge-independent one-loop triple gluon 
vertex r^JJJg in Eq. ( [4.28| ), The crucial point is that this PT one- loop three-point function 
satisfies the same Ward identity involving the difference of two PT one-loop two-point 
functions as the corresponding tree level quantities Ipj}] : 

gi„f 3? 7 (<zi, q 2 , gs) = f abc (fi^fe) - n^Gfe)) • (4.29) 

We can form the one-loop improper three-point function G^ (qi, q2, q 3 ), consisting of 
the PT one-loop proper three-point function together with the PT one-loop self-energy 
corrections to the three external legs A%(qi), A b Jq 2 ), A^(q 3 ): 



gG^(qi,q2,qs) 



^rbc 



+gK%(li, 12, qs) iD p , p {q 2 ) ifi r p b {q 2 ) 
+gK%,( qi ,q 2 , q 3 ) iD p/p (q 3 ) iU r p ^(q 3 ). 
This improper three-point function then obeys the Ward identity 

qi a G°%( qi , q2 ,q 3 ) = -f rab q 2 2 t^(q 2 )D p , p (q 3 )Il^(q 3 



(4.30) 



f rac qlt, p ,(q 3 )D p , p (q 2 )n%(q 2 



rb 



(4.31) 
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Fig. 11. The fundamental PT cancellation, expressed at one loop in the identities Eqs. (|132|) and ( |4.33| ) . 

This Ward identity is precisely the one-loop analogue of those Eqs. ( |3.19| )-( |3~2l| ) for the 
tree level four- and five-point functions G^-j , G^^ s and G a b ^ e . 

In Eq. ( [4.28 ), there do not appear all four components of this improper one-loop three- 
point function Eq. ( |4.30D , but just one PT self-energy correction iIL™™(q) together with the 
PT vertex TV^(q,pi,p2). These two components are however just sufficient to give the 
part of the Ward identity Eq. ( |4.31 ) required for the PT cancellation mechanism to occur 
when the two components are contracted with longitudinal factors p± a , p 2 p associated with 
the external gluons A a (pi), A^p^: for the linear factor pi a , 

{itl flu (q)iD uu/ (q)gr^(q,p l ,p 2 ) + gf^(q,p u p 2 )) p la = 

-gr ah (i^M^ vvl {q)p\t vlf3 {p 2 ) - n^Cpz)) (4.32) 

and similarly for p 2 p, while for the quadratic factor pi a P2(3i 

(iU^(q) iD vv ,(q)gT™,%{q,PuP2) + gt^ b (q, Pl ,p 2 )) p la p 2(3 = 0. (4.33) 

The term proportional to D vu i{q) p 2 t v >p(j) 2 ) on the r.h.s. of the identity Eq. (j4,32|) for a 
factor pi a is the exact analogue of those proportional to k 2 t au '(k 2 )D u > u (q) on the r.h.s. of 
the Ward identities Eqs. ( A.1)-(A.3) for a factor k\ p , except for the PT one-loop "effective" 
two-point function in place of the tree level three- and four-point functions. The term 
proportional to Tl p p{p 2 ) on the r.h.s. of Eq. ( [4.32| ) is associated with the one-loop self- 
energy correction to the external gluon A b p(p 2 ). The PT cancellation encoded in Eqs. ( 4.32| ) 
and ( f4.33| ) is illustrated schematically in Fig. 11 (cf. Fig. 7). 

We now contract the external legs on the r.h.s. of Eq. ( [4.27| ) via propagators iD aa n(pi), 
iD/3pn(p 2 ) with the tree level gluon four-point function ig 2 G a b ?p„ lS (pi,p 2 , p^, p^) to form 
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Fig. 12. The iteration of the PT one-loop cancellation mechanism. 



the two- loop diagrams shown in Fig. 9. Then, as a result of the identities Eqs. ( |4.32 ) and 
(4.33), exactly the same PT cancellation mechanism occurs among the diagrams of the sec- 
ond loop associated with the terms iU. tlu i{q)iD y i v {q) gT™£p(q,pi,p2) and gT^^(q,pi,p2) 



in Eq. (4.28) as occurred among the diagrams of the first loop. We may thus follow exactly 
the same procedure as described in Sees. 4.2 and 4.3 and App. A^] to isolate explicitly 
in the class of gauges n ■ A a = the components of the diagrams in Fig. 9 consisting of 
i) the chain of two PT gauge-independent one-loop self-energies and ii) a single PT self- 
energy attached to a one-loop vertex-like function on the r.h.s., exactly similar to that in 
Eq. ([4. 28; ). This procedure is illustrated in Fig. 12. 

There remains the term proportional to Af^g in Eq. ( f4,28| ). The explicit expression 
for this (gauge-dependent) function is given in App. B. It is shown there that the internal 
propagator structure of AT 7 ^^ is such that it can never contribute to the Dyson chain 
of two PT one- loop self-energies. Instead, it contributes to the two- loop one-particle- 
irreducible self-energy and vertex functions, not considered here. 

We have therefore succeeded in showing explicitly how the fundamenal PT gauge 
cancellation mechanism which operates at one loop occurs also at two loops, enabling 
the Dyson chain of two PT one-loop self-energies to be isolated explicitly in the class of 



10 In contrast to the case at one loop, we make no attempt in the Dyson summation to cancel explicitly 
the tadpole-like terms, proportional to J d d k {n-k)~ 2 k~ 2 , generated by the b terms in the gluon propagators 



(cf. Eq. ( A. 13 )): these q- independent factors can arise from additional one-loop corrections to any type of 
n-loop diagram, so that it is meaningless to attempt to cancel them in only a subclass of diagrams. 
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non-covariant gauges n-A a = 0. Clearly, this process can be iterated to all orders in the 
amplitude ( 4.26 ), Furthermore, as a result of the universality of itlV^(q), together with 
the fact that the fermion components of the one-loop gluon two- and three-point functions 
also obey the Ward identity Eq. ( f4.29| ), exactly the same process occurs when fermion loops 
are included in the amplitude ( 4.26[) , i.e. so that G represents either the gluon four-point 
function Eq. ( |3.12| ) as above or the gluon pair-fermion pair four-point function Eq. ( |3.11 ), 
and D represents the tree level gluon or fermion propagator as appropriate. Also, this 
iterative process is clearly independent of the particular four- and five-point functions 
Eqs. (|3TLl)-(|3~l~3;) which occur as the 1st and the (n + l)th n-point functions at each end 
of (ggp . 

We conclude that, in the class of non-covariant gauges n- A a = 0, the PT gauge- 
independent one- loop self-energy iflV^^q) can be summed explicitly in a Dyson series. This 
infinite, gauge-independent subset of radiative corrections to the tree level gluon propa- 
gator may therefore be fully accounted for by the gauge-, scale- and scheme-independent 
effective charge Eq. Q2.13| ) at the tree level vertices at each end of this Dyson series. 

5. Summary and Conclusions 

In QED, the concept of an effective charge provides an extremely simple way of accounting 
for a well-defined, infinite, gauge-independent subset of radiative corrections to interactions 
mediated at tree level by a single photon. In this paper, it has been shown how, despite 
appearances to the contrary (Sec. 1), the QED concept of a gauge-, scale- and scheme- 
independent effective charge may be extended directly at the diagrammatic level to QCD. 

It was first argued (Sec. 2) that the basic concept of an effective charge depends not 
on the conventionally-defined gauge boson two-point function per se, but rather on the 
existence of a universal, gauge-independent subset of radiative corrections which couple 
to the various sets of fields from at two points xi, X2 in precisely the same way as 
the gauge boson which mediates their interaction at tree level. Thus, we were led to the 
idea of the Dyson-summed gauge boson "effective" two-point function iAW^ v (xi — a^)- 
In QED, this function is identical to the conventional two-point function Eq. ([O]) only 
because the theory is abelian. But in QCD, the non-abelian symmetry of the theory results 
in contributions to iA^™ not only from the conventionally-defined two-point function, 
but also from conventionally-defined vertex and box functions. The existence of such 
contributions is the fundamental observation upon which the pinch technique (PT) of 
Cornwall and Papavassiliou is based: at the strictly one-loop level (i.e. without any Dyson 
summation) and for on-shell external fields from C 1 ^, this "effective" two-point function 
is precisely the gauge-independent self-energy iti^ v obtained in the PT rearrangement of 
one-loop contributions to S-matrix elements. 
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However, in QED the photon self-energy is gauge-independent regardless of whether 
the fields to which the photon couples are on- or off-shell. Furthermore, for the effective 
charge to obey at high energies the constraints of the renormalization group, zA^™^ must 
involve the infinite Dyson series in ill^,. Thus, we were led (Sec. 4) to extend the PT to 
the general case of explicitly off-shell processes, independent of any reference to S-matrix 
elements or any other a priori gauge-independent quantity. It was shown explicitly how 
the PT self-energy constitutes a well-defined "effective" two-point component of one-loop 
interactions which remains gauge-independent and universal, independent of whether the 
"external" fields are on- or off-shell. This demonstration was carried out in both the class 
of linear covariant gauges and the class of non-covariant gauges n ■ A a = 0. The simulta- 
neous gauge indendence and universality of the PT self-energy was shown to be due to a 
fundamental cancellation among contributions to the "effective" two-point function from 
the conventional gauge-dependent self-energy and the pinch parts of conventional gauge- 
dependent vertex and box diagrams, leaving always the gauge-independent and universal 
PT self-energy itl^ u . This cancellation is encoded in the tree level Ward identities of 
the theory, and is entirely independent both of the species of the "external" fields in the 
process and of whether they are on- or off-shell. In the usual arrangement of perturbation 
theory, this cancellation is obscured in the complicated gauge-dependence of conventional 
one-loop diagrams, and typically only emerges "miraculously" at the end of a calculation. 
However, by writing subsets of one-loop diagrams in terms of the "products" of tree level 
four- and five-point functions and exploiting directly the Ward identities of these functions, 
we were able to make these cancellations simply and immediately, thereby isolating, in an 
arbitrary gauge and with a minimum of effort, the one- loop gauge- independent "effective" 
two-point component from up to several hundred diagrams at once. 

Furthermore, it was shown explicitly how the PT one-loop "effective" two-point func- 
tion sums in a Dyson series. In the absence of an all-orders formulation of the PT (and 
only for this reason), we were restricted to the class of non-covariant gauges in order to 
avoid ghosts. Within this class of gauges, it was then shown how the one-loop cancellation 
mechanism iterates for the subclasses of n-loop diagrams containing implicitly the chains 
of n PT one-loop self-energies. In this way, we were able to isolate explicitly the chains of n 
PT self-energies required to form the Dyson series, and to prove their gauge-independence. 

We therefore conclude that the two questions posed in the introduction in the context 
of renormalon calculus are answered as follows: 

1. The gauge- independent combination of fields one is summing to obtain the QCD 
effective charge with the full one-loop /3-function coefficient (3\ = —^-N + |ny as 
the coefficient of the logarithm is that included in the PT Dyson-summed "effective" 
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two-point function A^ u (q) Eq. (2.11). This function is obtained from the subclass of 
diagrams corresponding to the amplitude (|4.26| ) after effecting the fundamental PT 
cancellation among the conventionally-defined, gauge-dependent self-energy, vertex 



and box diagrams occurring in (4.26) at n loops, n = 1,2... oo. 



2. The value of the constant term in the corresponding self-energy-like function is that 
given in Eq. ( 1.11 ) for the unrenormalized PT self-energy Tl(q 2 ). Thus, in the MS 



scheme, the value is (^-N - fn f )(g 2 /167r 2 ). 

From the point of view of renormalon analyses, having identified explicitly the infinite, 
gauge-independent subclass of radiative corrections accounted for by the QCD effective 
charge, the important question is: in what approximation or limit, if any, do these contri- 
butions dominate over all other classes of diagrams? In QED, the 1/n./ expansion provides 
a well-defined framework in which the Dyson chains of fermion loops represent the leading 
(non-trivial) contributions to, for example, the correlation function of two fermion cur- 
rents. In QCD however, it appears that there is no analogous parameter or limit, so that 
any dominance of the radiative corrections involved in the Dyson chains accounted for by 
the QCD effective charge would have to be dynamical in origin. 

From a more general point of view, the work described here shows that the PT al- 
gorithm is in fact more elegant than the usual statement that it consists in rearranging 
one-loop S-matrix elements into components with distinct kinematical properties which 
are then individually gauge-independent. Rather, it amounts to the recognition of a fun- 
damental cancellation mechanism among the underlying perturbation theory diagrams, 
independent of any embedding in S-matrix elements. Here, we have been concerned al- 
most exclusively with the simplest n-point function, viz. the gluon self-energy. However, 
the issues dealt with in the particular context of an effective charge for QCD — off-shell 
gauge independence, universality, multi-loop diagrams — encourage the idea that the PT 
may provide the basis for a well-defined and complete reorganisation of perturbation the- 
ory, to all orders, in terms of gauge-independent n-point functions, with the only gauge 
dependence occurring in the longitudinal part of the tree level gluon propagator. In order, 
however, to put such an approach on a firm field-theoretic footing, it would be necessary 
to go beyond the crude diagrammatics considered here and formulate the PT directly at 
the level of the path integral. 
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Appendix A. The PT Gauge Cancellation Mechanism 

In this appendix, we give details of the gauge cancellation mechanism which ensures the si- 
multaneous gauge-independence and universality of the one-loop gluon self-energy iTL™™(q) 



defined in (4.1)-(4.3) in the off-shell PT. As explained in Sees. 4.2 and 4.3, the task is to 
show that, regardless of the fact that the external fields in the given process are off-shell, 
the additional contributions to ill™™{q) which occur when one moves away from the Feyn- 



man gauge exactly cancel among themselves, leaving always the result Eq. ( [4.18 ). We 



consider both the class of linear covariant gauges and the class of non-covariant gauges 
n-A a = 0, as described in Sec. 3. The correspnding terms a and b in the tree level gluon 



propagator Eq. (|3.1|) are given in Eqs. fl3.2|) and (|3.5|) . 

We again consider first the amplitudes ( |4.22| ) for the one-loop diagrams formed from 
the "products" of pairs of tree level four- and five-point functions defined in Eqs. ( 3.11] )- 



(3.13). The effect on the n-point functions on the r.h.s. of ( |4.22[ ) of the longitudinal factors 



kip, k 2a , k\ p i and k 2a i which occur in the propagators iD p > p (ki), iD a -/ a (k 2 ) when one moves 
away from the Feynman gauge is specified by the Ward identities Eqs. (|l|)-(g2|). 
For the linear factor k\ p , we obtain 

hpG™Jij \-k 1 ,k 2 ,Pi,P2) = 

+f nrs (k 2 2 t au ,(k 2 )D u , u (q) + G^q^i^TS 



-ilvTjk S(pi-h,mf)S 1 (pi , m f ) iT^ 

-l 



-iT- k S (P2,m f ) S(p 2 + k 1 ,m f )ij a T^, (A.l) 

hpGpZtp(-ki,k 2 ,pi,P2) = 

+r S (klt ay ,{k 2 )D u , u {q) + G (T (q)q u )rZ b p(q,Pl,P2) 



+f nra (plt a u>(pi)D u , u (Pi-ki) + G a ( Pl -h) (pi-fci)„) T%%{ Pl -k x ,p 2 ,k 2 ) 

+f nrh (p 2 2 tp v i{P2)D v , v (jp 2 - k x ) + G p (p2-ki) (P2-h) u ) rz a a (P2-k u k 2 , Pl ), 



(A.2) 



kipG p Zal 1 (-k 1 ,k 2 ,p 1 ,p 2 ,p 3 ) = 

+f nrS (k 2 2 t (jy ,{k 2 )D u , u {q) + G a (q)q u ) G%%(q, Pl ,p 2 ,p 3 ) 

+r a (p\t a v>(pi)D u , u (p 1 -k 1 ) + G a {px-ky)<J>i-h) v ) Gf^fa-kup^pzM) 
+f nrb (p 2 2W( P 2)DMP2-k 1 ) + Gp(p 2 — ki) (p 2 — ki) u ^ G%£ x (p l -k 1 ,P3,k2,Pl) 
+f nrc (p 3 3 t 7 AP3)DMP3-ki) + G^-^ips-h)^ GZt/3ip3-ki,k 2 , Pl ,p 2 ).(A.3) 

From the definition fl4,l|) -( |4~3"l) , only the very first term, proportional to k2t av i{k 2 )D v i v {q), 
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in each of the above three expressions can contribute to the PT self-energy: in each case, 
the term proportional to G a (q) q u , although contracted with the required tree level vertices, 



cannot result in the required tensor structure (4.2) regardless of the form of the function 
carrying the u index; and clearly none of the remaining terms has the required structure. 
Exactly similar expressions result for the linear factor k 2a . 
For the quadratic factor ki p k2a, we obtain 

ki p k 2a G r p s ^(-k 1 ,k 2 ,Pi,P2) = y nrs (k l+ k 2 ) ul G u ,( q )q u i lu T™ 
+\{T r ,T s } ji (s-\p 1 ,m f ) + S-\p 2 ,mf)) 
-(T s T r ) ji S~ 1 (p 2 ,m f ) S(pi-h,mf) S'~ 1 (pi,m / ) 

-(TT^S- 1 ^ m f ) S(p 2 +h,m f ) S^Pi, m/), (A.4) 
hpk^G^pi-kuk^PUP*) = \r S {k 1 + k 2 ) v ,G u ,{q)q u T n v %{q,Pl,P2) 

-f nra f nsb ([ \g v , v + G vl (p x -kx) (pi-h) u ] [p?t Q „(pi)0/v + pltp v (px)g w > } 

+ Pltau' (Pl ) Dv'v (Pl ~ h ) p\t v p (p 2 )) 

-r b r a {[ \g v , v + G u ,(p 2 -h) (pu-hUiplta^g^ +p 2 2 tp p {p l )g au , ] 

+ Pltau' (Pi) D v i v {p 2 - h) plt u(3 (p 2 )j , (A. 5) 

k\ p k 2a G r p s a ab p y (-ki, k 2 ,pi,p 2 ,p 3 ) = ^f nrs (k 1 +k 2 )„,G u ,(q)q u GZ%(q,PuP2,P3)+ ••• 

(A.6) 

where, in the last expression, we have only troubled to record the term proportional to 
G^a (q,pi,p 2 ,P3). Here, none of the terms in the above three expressions can contribute 
to the PT self-energy defined in Qnp-(p|). 

A set of expressions exactly similar to Eqs. (|A.1|) -( [A~6| ) is obtained for the factors k\ p i, 
k 2a / and ki p 'k 2a > contracted with the three n-point functions on the l.h.s. of ( H.22j ), 

We therefore see that it is only necessary to consider the terms in fl4.22j ) in which no 
more than one longitudinal factor is contracted with the n-point function on each side. 
The product of propagators iD p i p (k\) iD a i a {k 2 ) in ( 4.22; ) may thus be written 



iDp'pikx) iD a , a (k 2 ) = -^2^9 P ' P 9u'u + (cy (^i) fc ip#<^ + a a i(k 2 )k 2a g p > p 
-a p >(ki)ki p k 2a ,a a (k 2 ) + {p V} <-> {per}) + b(ki)k lp ,ki p g a t a + b(k 2 )k 2a >k 2(T g p i p + ... |(A.7) 
i.e. with only the terms with no more than one factor k\ p or k 2u and no more than one 



factor k\ p i or k 2a i written explicitly. We consider the a and b terms in Eq. ( A. 7 ) separately. 
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i) a terms 

The a terms in Eq. (|A.7|) occur only in the class of non-covariant gauges [a^(q) = n p /n-q]. 

For the term a p i(ki)ki p g a i a in Eq. (A.7), the effect of the factor k\ p on the three 
n-point functions on the r.h.s. of ( [4.22 ) is given in Eqs. ( |A. 1| )-( |AT3 ) . In each case, as 
just described, only the term proportional to k2t av i{k 2 )D v i v {q) can contribute to the PT 
self-energy. Discarding the remaining terms in Eqs. ( |A.l|) -( |A^ ) thus leaves for the term 



a p >(k\)k\ p g a > a from iD pp (k\)iD a < a {k 2 ) in ( |4.22| ) 



2c 



d d k 

(2vr) d 



jn 2rfs{f) 

l 9 U p'ai'j' 



a p i(k 



-g <^v 



p'aa'f3'Y 



2k 2 



-gf nrs t„v>(k 2 )iD u , v (q)< 



■pnafc 
f 1 va/3 



<i n 2~pnabc 



} . 



(A.c 



The term g al/ i from t av >{k 2 ) in ( |A.8| ) does not involve any further factors of longitudinal 
loop four-momentum. It can thus only contribute to the PT self-energy when contracted 
with the components ig^T l f r jl iD pp/ (q)gT^ a [Fig. 6(d)], gT^iD^gYJ^ [Fig. 8(g)] 
or — *5 2 r^/^/yi-D w '(q ( )s , r")^? a ., respectively, of the n-point functions on the l.h.s. of ( |A.8| ). 
Writing k\ = k and k 2 = k + q and using the dimensional regularization rules / d d k k~ 2 = 
J d d k a p (k)k u k~ 2 = 0, the contribution of the g a 
vanishes. The term —k 2a k 2v ijk\ from t c 



term in (|A.8|) to iU"^(q) in fact 



{k 2 ) in ( A. 8 ) involves a longitudinal factor k 2a 



contracted with the n-point functions on the l.h.s. Using the Ward identities Eqs. ( |A.1| )- 
the contribution to the PT "effective" two-point component of the amplitudes ( 4.22| ) 



of the term a p <(ki)ki p g a i a from the product of propagators iD p i p {ki)iD C7 i (7 {k 2 ) is thus given 
by 



,2c 



d d k 



where A$(k\, k 2 ) 



igiuTT; 



g L iia'/3' 



-ig 2 r 



> iD pp i(q) A^) v ,{ki, k 2 ) iD v > v {q) < 



\Ng 2 t p , p (ki)a p {k 1 )k 2v k 2 2 . 



n ~pmab 
y L va/3 



■ 2-pmabc 
~ l g 1 vafi-y 



For the term a a i(k 2 )k 2a g p ' p in Eq. ( |A.7| ), the contribution A$ (ki, k 2 ) to the PT self- 
energy is as in ( |A.9| ) except for the interchange k\ «-► k 2 , i.e. A$(ki, k 2 ) = A p l }(k 2 , k\). 

For the term —a p i(ki)ki p k 2a /a cr (k 2 ) in Eq. ( |A.7|) , the effect of the two longitudinal 
factors ki p , k 2a / on the n-point functions on each side of ( 4.22] ) is again given by the Ward 
identities Eqs. ( |A.l| )-( |Alj| ). These Ward identities immediately give as the contribution of 



(A.9) 
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this term to the PT "effective" two-point component of the amplitudes ([4.2^ 



2c 



/r 



d d k 
(2vr) d 



-pma' b' 
y L ua'8> 



-ig 2 r 



■pmab 



ua/3 



_„ , n 2rmak 

y v 



(A.10) 



(3) 

where ^4/J(fci, £2) 



5 A^ 2 t t ip(ki)a p (ki)a a (k 2 )t (TV (k2). 



From Eq. ( |A.7| ), there are also three more a term contributions to iH™™(q), identical to 

= 1,2,3. 



the above three contributions except for the interchange fi <— > v in <A^w k' 



Adding up these six contributions and substituting the explicit form Eq. (3J3) for a, 



we obtain the overall contribution illffi" 1 ™ {q)\ n -A=o due to the a terms in the propagators 



iDpip(ki), iDfjtfjik'i) in the amplitudes ( 4.22[ ) in the class of non-covariant gauges n-A a = : 

d d k ffci„£>>„ ripjiy 



im mn (q) 



n-A=0 



-N5 mn g 2 ^ 2e 



(2vr) c 



h 2 h 2 



(n-ki)(n-k2 



(A.ll) 



The first term in ( [A. 11 ) is precisely the contribution to ifi™™{q) in the class of non- 
covariant gauges n • A a = which is supplied by the standard ghost loop in the class 
of covariant gauges. The second term in (A.ll) vanishes identically;^ alternatively it 
is cancelled algebraically under the integral sign by the standard (vanishing) ghost loop 
in the class of gauges n • A a = 0. Given that in the class of linear covariant gauges 



in^ )mn (g)|iin cov — 0) we thus obtain the gauge-independent statement Eq. ( |4.20[) . 
ii) b terms 



The b terms in Eq. ( |A.7| ) occur both in the class of covariant gauges [b(q) 
and in the class of non-covariant gauges n-A a = [b(q) = —n 2 /(n-q) 2 }. 



;i - o/q 2 



For the term b(ki)ki p iki p g a i a in Eq. (|A.7[) , the effect of the factors ki p , k\ p i is given by 
the Ward identites Eqs. ( |A.1| )-( [A^ ). We immediately obtain as the contribution of this 



term to the PT "effective" two-point component of the amplitudes (4.22) 



2c 



12 



d d k 
(2ir) d 



„"pma'b' 
y L urv'fi' 



P a'P' 
ma 1 1 



.■Jpmn'li'c' 
I % g 1 na'B'Y ) 



2k 2 



iD u , u (q) < 



igiuT% 



^T^raab 
g L ua/3 



^ „2pma6c 



> . 



(A.12) 



With k 2 - ki = q, write (n-k 1 y 1 (n-k 2 )~ 1 = (n-g) -1 [(n-fci) -1 - (n-k 2 )~ 1 }. 
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Writing k± = k and &2 = k + q and using the dimensional regularization rules J d d k b(k) 
J d d k b(k) k^k v k~ 2 = for b(k) in both classes of gauge, ( A.12| ) can be written 



:2c 



d d k 



r.yma'b' 
9 L pa' (3' 



A „2rma'l)'c' 
I l 9 L fia'f3'y ) 



iNg 2 b(k) , 

-^2 % 1 V^WJ^vl?) < 



„"pmafe 



„■ n 1 -pmabc 



> . 



(A.13) 

This contribution to iTL™™(q) is ^-independent, i.e. tadpole-like. 

The term bik^kia'kioQp' p m Eq. (A. 7) results in a contribution identical to ( A.13| ). 



(Pa) 



'W\. S f fc 3 



(a) 



AS fa) 



(b) 



3 perms of 

4» 4 6 A c 
JT-aj "-y 



(c) 



CV) 




AS (pi) 



A=(p 3 ) A»(p 2 ) 




pinch 



pinch 



pinch 




(d) 




(e) 




(f) 



Fig. 13. The tadpole-like pinch parts of the one-loop vertex diagrams. 
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This accounts for the contribution to ill™™(q) due to the b terms in the product 
of propagators iD p i p (kx)iD a i a (k 2 ) hi the amplitudes ( 4.22| ), However, there remain the 
tadpole-like pinch parts of the diagrams shown in Fig. 13. The amplitudes for these 
diagrams, in an arbitrary gauge, are given by 



Fig. 13(a) 
Fig. 13(b) 



d d k 



ijT>Tj k S(k 2 ,m f ) i-y u T£i S(kx,m f ) i^Tfa D T , T (k 3 ) (A.14) 

d d k 



(2*) 



d T n J p f a ,(q, kx, -k 2 ) D plp {k x ) x 



■prta i 
* pr'a\ 



ki, -fa, Pi) r^(fe, fa,P2) D T , T {fa) 



(A.15) 



Fig. 13(c) 



- 9 V e 



d d k 



(27T) 



4 KpW-yiQ, h, -k 2 ,p 3 ) D plp {ki) D c , a (k 2 ) x 



r; t T a , Q (-k l ,-k 3 , Pl )K%(k 2 ,k 3 , P2 )D T/T (fa) + c. P . (A.i6) 

where in Eq. ( |A.16 ) "c.p." indicates that there are two further terms obtained from the 



cyclic permutation of {pi,a, a}, {p 2 ,b,f3}, {p 3 ,c, 7}. In each of Eqs. ( A.14 )-( A,16| ), the 
b term in the propagator D T / T (fa) contributes^ a quadratic factor k 3r ik 3T . Using the 
Ward identities Eqs. ( 3.16 ) and ( |3. 1T|) together with q 2 t fip (q) D pv (q) = —g pu — G fl (q)q l/ 
for the gluonic cases, and choosing fa = k, the contribution of the b term in each of the 
propagators D T i T {k 3 ) in Eqs. ( A.14[ )-( |A.16D is given by 



Fig. 13(a) | 6(fc3 ) 



■ 2 2e 
ig /X 



(^l^t 1 " S 1 (P2,m f )S(p 2 -k,m f )}x 
,(T'T™T%{l - S'(p 1 -fc,m / )S'- 1 ( m ,m / )}. 



(A.17) 



Fig. 13(b) \ b{k3) 



2 " 2 ' ' ^ b{k h Ha f%TZfA<l,Pi-k,P2+k)x 



ig (j, 



(2Tr) d k 2 J J * vpt 
[dp'a + (pi-k)prG a ( Pl -k) + D plp (pi-k)p\t pa (pi)} X 
[ga'p + (P2 + k) a 'Gf3(p 2 + k) + D a/(7 (p 2 + k) plt al3 (p 2 )} 



(A.18) 



Fig. 13(c) | 6(fc3 ) 



^ V 7 ^^/^/^(-^TO^fePi-fc.Pa+fc.fti) >< 

{dp'a + (pi-k)p<G a (px-k) + D plp {px-k)p\t pa {px)} x 

{g*>l3 + {p2 + k) a >Gp{p 2 + k) + D cla {p 2 +k)p%p{jp 2 )^ + c.p.(A.19) 



12 The diagram Fig. 13(b) occurs in the amplitudes ( |4.22D involving GT p % a ° $ on the r.h.s. (cf. Fig. 8(b)). 
However, the b term from D r i T (ks) in Eq. (A.15) vanishes when D r i T (ks) is pinched by factors k\ p , k^a- 
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Then in each of Eqs. ( A.17)-( A. 19), retaining only the very first term in each set of curly 
parentheses, i.e. that which is independent of the external momenta, and using the identites 



rptrj-}TLrpt 

rta fstb fars 



{-\C A + C F )T n (A.20) 



jrta jsw j 

jrta jstb junr jusc _|_ jrtb j s ^ c juna jurs _|_ jrtc jsta juris jubr 



\c A f 



nab 



ma rrbc 



c A f rna f 



(A.21) 
(A.22) 



where C F (C a ) is the quadratic Casimir coefficient for the fundamental (adjoint) repre- 
sentation, we obtain]^] the tadpole-like pinch parts of the diagrams in Figs. 13 : 



Fig. 13(d) ) 
Fig. 13(e) 
Fig. 13(f) J 



• 2 2e 

ig fj, 



d d k b(k) 



(2vr) rf 2k 2 



f (-C A + 2C F )igj u Tn 



-C A + 2C A )gV^% 



-C A + 3C A )(-ig 2 )T nal " 



(A.23) 



In the above expression for Fig. 13(d), the term proportional to 2Cp exactly cancels against 
the tadpole-like pinch parts of the self-energy corrections Figs. 2(c) and (e) associated with 
the pair of external fermion legs. Similarly, in the expressions for Fig. 13(e) and Fig. 13(f), 
the terms proportional to 2C A and 3C A exactly cancel against tadpole-like pinch parts of 
the conventional self-energy corrections associated with the pair and triple, respectively, 
of external gluon legs. In each case, putting C A = N, the remaining term proportional 
to —C A then cancels against the contribution to itl™™(q) in Eq. ( A.13| ). The overall 
contribution ifl^} mn (q) to the PT self-energy due the b terms in the gluon propagators 
therefore vanishes. We thus obtain the gauge-independent statement Eq. ( 4.21| ). 

Appendix B. The Function Af^J§ 

In this appendix, we give the explicit form of the function AF^^ appearing in Eq. ( [4.281 ): 



-Af-%;p 1)P2 ) = \ ig 2 Nf mab ^ J 



d d k 



n 



(n-k 3 ) 



2 T ^pcr(^ k l,-k2) Pit pa (Pi ) p\ ta/3 {P2 



+ kiB fia p(k 3 ;px,p 2 ) - k' 2 ! B fl [ 3a (-k 3 ;p2,pi) - 2k\k\ 



n 



:n-fe) 2 



T^(q,P1,P2)\ (B.l 



13 In the case of Eq. flA.18| ), we have also used V™™ p (q, Pl -k,p2 + k) = r"^(g,pi,p 2 ) + r™^(0, -k, k). 
The latter term is odd in k and so vanishes in the integral in Eq. (A.23). 
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where q + p\ + p 2 = with, e.g., k\ = k, k 2 = k + q and k$ = k — pi, and 
Afj,pi3(fa;Pl,P2) = {ki + k 2 )f J ,g p p H \ r \(ki + k 2 )f 1 n p (2k 2 + k 3 ) l3 + 2(n-q)g fip (k 2 + k 3 ) /3 

+2(n-p 2 )T^ p(3 (q; ki, -k 2 )^ + j^-^^kjT pp(3 (q-, ^, -k 2 ) - k\g pp k 2fi - {k x + k 2 )^k lp k 2(3 

If re 2 1 
H ttS (fci + A;2) A1 n (T - 2(n-q)g pa H Tr k \g P <j \s pT {k2,)T T i 3cT (-k 3 ,p 2 ,k 2 ) (B.2) 

B pa p{kz;pi,p2) = 6(p 2A t5a/3 -P2a.9txf}) + 2 {~^~ + ^k^ 9tJ,a \^ n ' P ^ k2P ~ ( n '^)^J 

+2(n-p 2 )(^-r^ Q/ 3(-A;i,pi, fc 3 ) r Ma/3 (g, fc 1} -fe 2 )} 

I. n • «2 re • K3 J 

+2(n ' Pl) {i " + n^{^ (fcl) -^ (Pl) }{re^^ " 

(B.3) 

We have dropped all terms proportional to n a , rip since in the class of non-covariant 
gauges n-A a = they give vanishing contribution for A^ipi), A b g(p 2 ) on- or off-shell (the 
latter since n p- D pu {q) = 0). Also, we have used the dimensional regularization rules [[??]] 
/ d d k (n-k)- 2 = J d d k k p k u k~ 2 {n-k)~ 2 = 0. 

The crucial feature of Ar^J is that, when contracted via propagators iD aa "{pi), 
iDpp//(p 2 ) with the tree level gluon four-point function ig 2 G < ^,?p„ 7 g(j?i,P2iP3 iPi)-, none 
of the terms in Eq. (B.l) has the propagator structure (k 2 k 2 )^ 1 (p 2 p 2 )^ 1 in the inte- 
grand required to give a contribution to the product of two PT one-loop self-energies 
in Eq. ( f4.28| ): the first three terms in Eq. (B.l) proportional to p 2 t ap (p\), p 2 t/3 p (pi) and 
Pita P (pi) P 2 tf3 P (pi)i respectively, pinch one or both of the propagators D aa "(pi), Dpg»(p2), 

Pitpaipi) D aa ir{jp x ) = -g pa n - G p (pi)pi a " , p\t p p{pz) Dpp»{jp 2 ) = -g p p" - G p (p 2 )p2i3"; 

(B.4) 

the two terms in Eq. (B.l) proportional to k\ and k 2 pinch the corresponding terms k^ 2 and 
k 2 2 associated with the propagators D p i p (ki) and D a i a (k 2 ), respectively, from Eq. (f4.28|) , 
so that these contributions to AT™^ are one-loop corrections associated purely with the 
external gluon legs A b p(p 2 ) and A a (pi), respectively; and the last term in Eq. (BJ), pro- 
portional to kfk 2 , is the tadpole-like contribution, exactly cancelled (cf. App. A) by terms 
from the conventional self-energy corrections to the external legs A a (j>\) and A b g (p2), not 
included in the amplitude Eq. ( |4.27| ), 

Thus, the component Af™^ in Eq. ( {Op can make no contribution to the Dyson 
chain of two one-loop self-energies when the diagrams of Fig. 8 are contracted with a third 
gluon tree level four-point function to form the diagrams of Fig. 9. 
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Appendix C. The Heavy Quark Limit 

In this paper, it has been shown explicitly how the Dyson summed "effective" two-point 
function obtained in the off-shell PT constitutes the gauge-independent and universal 
subset of radiative corrections required for the effective charge defined in Sec. 2. This 
has involved considerations purely at the level of the Feynman integrands for n-loop di- 
agrams. However, in QED the vacuum polarization of the photon has a direct physical 
interpretation as the correction to the Coulomb interaction between static heavy charges. 
This has led, by analogy, to a popular definition (see e.g. |29]] ) of an effective charge for 
SU(iV) QCD in terms of (the Fourier transform of) the potential between a static heavy 
quark-antiquark pair: 

W) = - gU ~f CF (CD 

where q is the three-momentum associated in the Fourier transform with the interquark 
separation r, Cp = (N 2 — 1)/2N and g qq is the static heavy quark effective charge. The 
question therefore arises: what is the relation of this heavy quark effective charge to that 
defined in Sec. 2? 

The potential V^(q 2 ) may be calculated directly in perturbation theory. At the one- 
loop level, and before renormalization, one obtains for rij flavours of massless fermion 
fl3C 



9 2 Cf L a 2 , 

1 ' J ' ' C UV + In 



M 2 



31 %T 10 

H N ru 

9 9 1 



q 2 




The corresponding one- loop self-energy-like function H qq thus differs from that Eq. ( 1.11 ) 
of the PT by a constant: 

H M -(-q 2 ) = fl(-q 2 ) - 4AT( 5 2 /16vr 2 ). (C.4) 

In the one-loop potential V^(q 2 ), this constant is of course irrelevant. But if, after renor- 
malization, this function Tl qq - is used to define an effective charge 

1 - IlRq^-q^) 

then, away from the asymptotic regime governed by the /3-function, this heavy quark 
effective charge Eq. ( |C.5| ) differs from that Eq. ( p.!3|) obtained via the PT. 

In order to understand this difference, it is necessary to consider the PT in the limit 
of very heavy external quark fields. In particular, we consider the S-matrix element at the 
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one-loop level for the four-fermion scattering process ipl^ (pi)ipjf \p'i) — > ^pipz)^// ^(ph)i 
with mi (= m,j) = mil (= rriji) = M and M 2 3> —q 2 where q 2 < (elastic scattering). 
The diagrams for this process are just those shown in Fig. 2. Evaluating the one-loop 
integrals for this on-shell process in dimensional regularization and then taking the heavy 
quark limit, so that 

1/e ~ ln(A 2 //i 2 ) » ln(M 2 /^ 2 ) > hx(-^/n 2 ) (C.6) 

where A is the ultraviolet cutoff, one obtains for the full (unrenormalized) one-loop am- 
plitude n 

(ujdg^T^.Ui) ^U q g(q 2 ) (ujigj^m) (C.7) 
i.e. a two-point-like interaction with precisely the self-energy-like function U qq (q 2 ) Eq. 



(C.4). Thus, in the heavy quark limit Eq. ( |C.6| ), one not only isolates the PT "effective" 
two-point contribution Tl(q 2 ), but also additional two-point-like contributions from the 
vertex, external leg and box diagrams Figs. 2(b)-(f) which combine to give the term 
— 4./V(g 2 /167r 2 ) in Eq. ( |C.4| ) (In QED, these additional contributions vanish identically 
due to the abelian group structure, exactly like the pinch contributions, leaving just the 
conventional photon self-energy.) 

There are three essential observations to make concerning this result. First, as empha- 
sized earlier, the PT self-energy component of Tl qq Eq. ( |C.4j ) in ( |C.7| ) is obtained before 
carrying out the loop integration for the one-loop interaction. By constrast, the additional 
constant component — 4N (g 2 / IQir 2 ) is obtained only after carrying out the loop integra- 
tion for the vertex, external leg and box diagrams Figs. 2(b)-(e) and then taking the limit 
Eq. ( p.6[ ). Thus, after extracting the pinch part contributions Figs. 2(g)-(i) of these dia- 
grams and then carrying out the loop integration, there is a component of the remaining 
vertex, external leg and box corrections which has the Lorentz and colour structure of a 
pair of tree level vertices igj^TJ^,, ig^Tjl, multiplied by a complicated function of the 
momenta and masses of the external fermions. In the limit ( |C.6| ), this function reduces 
to a constant, giving the additional component — 4N (g 2 / 16tt 2 ) in (|C.7| ). Second, while 



the PT component of H qq is universal, the component — AN (g 2 / 16ir 2 ) is obtained from 
a particular process in a particular kinematic limit. Clearly, for the interaction between 
external gluons, there is no analogue of the limit ( |C.6| ). Third, the amplitude ( |C.7| ) is 
an S-matrix element, and so is known a priori to be gauge-independent. For the case of 
off-shell external fermions, there is no reason for the contribution — 4A r ((7 2 /167r 2 ) to H qq 
from the vertex, external leg and box diagrams to remain gauge- independent. This is in 
contrast to the PT contribution, which remains always gauge-independent as a result of 
the Ward identities of the theory. 
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Thus, the effective charge Eq. (C.5) defined from the static heavy quark potential Eq. 



( C.l ) does not have a direct interpretation in terms of radiative corrections included in 
a renormalized propagator like Eq. ( |1 . 1[ ) , is not universal, and is not necessarily gauge- 
independent for off-shell processes. We therefore argue that the heavy quark definition, 
though appealing from the simple analogy with the QED Coulomb Law, is inferior to the 
more purely field-theoretic definition of the QCD effective charge given here in Sec. 2. 
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